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Existence, Uniqueness, Analyticity, 
and Borel Summability of Boussinesq 
and Magnetic Benard Equations 



Abstract Through Borel summation methods, we analyze two different vari- 
ations of the Navier-Stokes equation -the Boussinesq equation for fluid mo- 
tion and temperature field and the the magnetic Benard equation which 
approximates electro-magnetic effects on fluid flow under some simplifying 
assumptions. In the Boussinesq equation, 

ut - lyAu = -Plu-Vu- ae20] + f (1) 

Ot - nAo = -u ■ ve, 

where d = 2 or 3 is the dimension, u : R'' x M+ ^ M'', and 6) : M'' x M+ ^ R. 
For the magnetic Benard equation, 

vt - vAv = -P\v ■ Vf - —B ■ VBl + / (2) 

HP 

Bt - —AB = -P\v -S/B- B -S/v], 

where v, B : M."^ x R+ M'^. 

This method has previously been applied to the Navier-Stokes equation 
in [5], [7], and |5]. We show that this approach can be used to show local 
existence for the Boussinesq and magnetic Benard equation, either for d = 2 
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or d — 3. We prove that an equivalent system of integral equations in each 
case has a unique solution, which is exponentially bounded for p G M^, p 
being the Laplace dual variable of 1/t. This implies the local existence of a 
classical solution to (H]) and ([2]) in a complex t-region that includes a real 
positive time (t)-axis segment. Further, it is shown that within this real time 
interval, for analytic initial data and forcing, the solution remains analytic 
and has the same analyticity strip width. Further, under these conditions, 
the solution is Borel summable, implying that that formal series in time 
is Gevrey-1 asymptotic for small t. We also determine conditions on the 
integral equation solution in each case over a finite interval [0,pq] that result 
in a better estimate for existence time of the PDF solution. 



1 Introduction 

We consider two variations of the incompressible Navier-Stokes equation. In 
the first case, we consider the coupling of temperature field with fiuid flow 
under the assumption that the temperature induced changes in density have 
negligible effects on momentum, but cause a significant buoyant force. The 
corresponding Boussinesq equation for u :W^x — >■ M.'^ and -.W^x M+ — >■ 
M with d = 2, 3 are 

Wt — i^Zilt = — P[u • Vu — 0620] + / , u{x,0)—uq{x) (3) 

where P ^ I — VZ\^^(V-) is the Hodge projection operator to the space 
of divergence free vector fields and 62 is the unit vector aligned opposite to 
gravity and parameter a is proportional to gravity. Here {u, 0) corresponds 
to the fluid velocity and temperature fleld. Using standard energy methods, 
see for instance [17], existence of Leray type solutions in L°°{0, T, L^(R'^)) fl 
L'^{0,T,H^{R'^)) follows easily for any T > 0. In ^ unique classical 
global solution can be shown to exist for all time. Further, in there is 
a unique solution under the additional assumption that the solution lies in 
i°°(0, T, H^{M.^). In [2,, local existence and uniqueness for Boussinesq equa- 
tion are shown in LP {6, T, L'?(M'^)) for d < p < cx) and ^ + | < 1. 

For the second problem, we study the the viscous magnetic Benard equa- 
tion, or MHD equation, which arises in the motion of a magnetic fiuid in 
situations where displacement current and charge density variations are neg- 
ligible t4j. The equations for B : M'^ x K+ ^ K** are 

Vt - vAv = -P[v ■ Vw - —B ■ \7B] + / , v{x, 0) = vq{x) (4) 

Bt- —AB = -P[v-\7B - B -^Iv] , B{x,Q) ^ Bo{x) 

where d = 2, 3 as before, v is the fluid velocity, B is the magnetic fleld, 
while z/, p, fjL and a are constants related to fluid viscosity, density, magnetic 
permeability and electric conductivity respectively. The question of regularity 
of solutions to the MHD equation in two and three dimensions has been well 
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studied. Duraut and Lions [9] constructed a class of global weak solutions and 
a local class of strong solutions using energy methods in both two and three 
dimensions. In the two dimensional case, uniqueness and smoothness were 
established for all time. More generally, Sermange and Temam [TB] showed 
existence in three dimensions in the class L°°{0, T, L'^(R'^))nL^{0, T, H^(R'^)) 
and uniqueness assuming the solution lies in L°°{0, T, H^(R'^)). Many others 
[TU] . [TT], [IH], and [3] have a variety of results improving regularity. 

In both the problems above, the existence of classical solutions, globally 
in time, remains an open problem as it is for the 3-D Navier Stokes equation. 
Control of a higher order energy norm (like the norm of velocity) has 
remained a serious impediment for a long time. This motivates one to look 
at other formulations of the existence problem that do not rely on energy 
bounds. 

The primary purpose of this paper is to show that the Borel transform 
methods, developed earlier in 5^ and |Sj in the context of Navier-Stokes equa- 
tion, can be extended to determine classical PDE solutions for the Boussi- 
nesq and magnetic Benard equations. This provides an alternate existence 
and uniqueness theory for a class of nonlinear PDEs for which the question 
of global existence of solution to the PDE becomes one of asymptotics for 
known solution to the associated nonlinear integral equations. While this 
asymptotics problem is difficult and yet to be resolved, it is shown (Thm 
1241) how information about solution on a finite interval in the dual variable 
for specific initial condition and forcing may be used for obtaining better 
exponential bounds in the Borel plane and therefore better existence time 
for classical solutions to the PDEs. 

Further, many analyticity properties readily follow from this representa- 
tion. Time analyticity for SRj > a follow from the solution representation. 
We also prove that the classical iJ^(M'') solution, which is unique, has the 
Laplace transform representation given here, provided initial data and forc- 
ing are in L^C\L°° in Fourier space. Furthermore, for analytic initial data and 
forcing, we prove that the formal expansion in powers of t is Borel summable 
and hence Gevrey asymptotic for small t. In the latter case, it is also shown 
that the associated power series in the Borel plane has a radius of conver- 
gence independent of size of initial data and forcing when initial data and 
forcing have a fixed number of Fourier modes, this is useful in computing the 
solution in the Borel plane. 



2 Main Results 

We first write the equations as integral equations in Fourier space. We denote 
by / the Fourier transform of / and * the Fourier convolution. The Fourier 
transform operator is denoted by . As usual, a repeated index j denotes the 
sum over j from 1 to d. Pk is the Fourier transform of the Hodge projection 
and has the representation 
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Moreover u, v, and B are divergence free. Formal derivatiorQ based on in- 
version of the heat operator in Fourier space in ^ leads to the following 
integral equations: 



u{k,t)^-j e'''l'=l'(*-^) (ifcjFfe[MjS{t-ae20](fc,r)-/(/fc))dr (5) 

and, for the magnetic Benard equation one obtains 
v{k,t)^- [ e-'^l'=l'(*-^) ("i/cjPfe Vjiv-—BjiI3 {k,T)- f{k)]dT (6) 









VjiB — Bjii) 







B{k,t)^~ J e [ikjPk ^Vj*B - Bjiv'^ {k,T)jdT + e~!^Bo{k). 

Remark 21 We may assume the initial conditions Uq in the Boussinesq 
equation and Vq, Bq for the Benard equation, as well as the forcing f are 
divergence free, since any non-zero divergence part of f can be included in 
a gradient term, which has been projected away. We assume f = f{x) to be 
time independent for simplicity although a time dependent f with some re- 
strictions may be treated in a similar manner. Additional forcing terms on the 
temperature and magnetic equations can be accommodated in the formalism 
here. 

Definition 22 We introduce the norm \ \ ■ \ for some 13 > and "f > d by 
\\f%,0 = sup (1 + |A:|)^e^l'=l|/>)|, where />) = T[fi-)]{k). 

Definition 23 We also use the space D L°° with the norm defined by 
||/|UinL== =niax( / \f{k)\dk, sup |/(fc)|| . 

In the case when results hold either for || • W-y.p or || • ||LinL°° norm, we 
will use II • ||jv for brevity of notation. 

We assume ||(1 + |A:|)^(uo, 6>o)||Ar < oo, ||(1 + |/c|)2({)o, i?o)||jv < oo, and 
II/IIat < oo in what follows. If || • \\m = \\ ■ \\f,i3 and (3 > then the initial 
condition and forcing are real analytic in x in a strip of width at least /3. 



^ While derivation is formal, in the space of functions where existence is proved, 
it will be clear the integral and differential formulations are equivalent 
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Theorem 21 (Boussinesq Existence and Uniqueness) 

// 11(1 + I • |)'^(uo, 6*0)11^ < 00 and \\f\\N < 00, then the following hold. 

i) The Boussinesq equation has a solution {u, 0){k,t) such that\\{u,0){-,t)\\N < 

00 for 5Ri > u! for oj sufficiently large. Specifically, [J^ ) holds, where (wi, 0i), 

defined in ^14^ , depends on the initial data and forcing. 

a) The solution has the Laplace transform representation 

t'OO 

(u, e){k, t) = (uo, 0o)(fc) + / {H, S){k,p)e-P/'dp (7) 

Jo 

where (H , S) satisfies a set of integral equations that has a unique solution 
for \\{H, S){-,p)\\Ne^'^P G L-'^(0,oo). From this representation {u,0){x,t) = 
J^~^[{u, 0){k)]{x,t) is analytic in t for 5Rj > uj. This implies that if /3 > 
then {u, 0) is analytic in x in a strip of the same width as the analyticity 
strip for the initial data and forcing for any i G [0, w^^). 

Hi) Further for this solution, \\{l + \-\)'^{u,0){-,t)\\N <oo fort£ {{),u}~^). 
Moreover, {u, 0){x, t) solves ^ and is the unique solution in L°°(0, T, H'^{W^)). 
In other words, given any solution in i?^(M'^) to the Boussinesq equation for 
which the initial data and forcing satisfy the given assumption then the solu- 
tion has the representation 

iv) A sufficient condition for global existence of smooth solution to the 
Boussinesq equation is that e~'^P\\{H , S){-,p)\\n G £"'^(0,00) for any ui > 0. 

Theorem 22 (MHD Existence and Uniqueness) If \\{1+\-\)'^{vq, Bq)\\n < 00 
and ||/||jv < 00, then the following hold. 

i) The magnetic Benard equation ^ has a solution {v, B){k,t) such that 
1 1 (i), -B) (•,<:) 1 1 AT < 00 for 9fij > a for a. sufficiently large. Specifically, (^^P 
holds, where {vi,Bi), defined in Iil6\). depends on the initial data and forcing. 

ii) The solution has the Laplace transform representation 

{v,B){k,t) = {vo,Bo){k)+ {W,Q){k,p)e-P/'dp (8) 

Jo 

where (W , Q) satisfies a set of integral equations that has a unique solution 
for \ \{W ,Q){- ,p)\\Ne~°-P G L"'^(0,oo). From this representation {v, B){x,t) = 
J-^^[{v , B){k)\{x,t) is analytic in t for 9fij > a. This implies that if (3 > 
then iv,B) is analytic in x in a strip of the same width as the analyticity 
strip for the initial data and forcing for any t € [0, a^^). 

Hi) Further for this solution, \\(\-\-\-\Y{v,B){-,t)\\isi KoofortG {0,a^^). 
Moreover, {v,B){x,t) is the unique solution to ^ in L°°{0,T,H^{'R'^)). In 
other words, given any solution in Il'^{W^) to the MHD equation for which 
the initial data and forcing satisfy the given assumption then the solution has 
the representation 

iv) A sufficient condition for global existence of smooth solution to the 
magnetic Benard equation is that e^'^P\\{W ,Q){-,p)\\n G L^{0,oo) for any 
a>0. 
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Remark 24 // the initial condition and forcing are known to be in in 
Fourier space but not necessarily to be in L°° , then we have a unique solu- 
tion to or (0) for which \ \{u, 0)\\i,i(^^d) < oo for t G (0, i^^^); respectively 

I lii(Kd) < oo for t G {0,a~^). This solution is smooth pointwise by 
instantaneous smoothing and solves the corresponding equation ^ or 
What is not known is whether the corresponding (u, 0) or (v, B) in the phys- 
ical space IS in L°°{0,T,H^(M.'^)). 

Remark 25 The guaranteed existence time T = lu^^ or oT^ , depending 
on the equation being considered, depends on ||(1 + | • |)^(uo, 6'o)(-)||Ar or 
1 1(1 + I • |)^('0oj 5o)(')l Ia'- T^^s condition can be weakened using an accelerated 
version of the Borel transform as in [SJ, i. e. using an alternate representation 
for n > 1: 

/•oo 

iu,0)ik,t)^iuo,Oom+ iH,S){k,q)e-''/^*"^dq (9) 

Remark 26 Using an accelerated variable instead of p, as in for n suf- 
ficiently large, we expect to be able to prove that in the case without forcing 
for the periodic case x G T'', global solutions of the PDEs implies that the 
growth rate a for associated integral equation solution is arbitrarily small, a 
result already shown for 3-D Navier-Stokes '81. 

Theorem 23 (Borel Summability) i) For analytic initial data and forcing 
and P > the solution to the Boussinesq equation, {u, O), and the solution to 
the magnetic Benard equation, (v, B), are Borel summable in t. That is there 
exists {H, S){x,p) and {W,Q){x,p) analytic in a neighborhood o/{0}UM^, 
exponentially bounded and analytic in x for \Im{x)\ < /3 such that 

I'OO 

{u, 0){x, t) = (uo, eo){x) + / [H, S)ix,p)e-P/'dp (10) 

Jq 

and 

f'OO 

{v,B){x,t) = ivo,Bo){x)+ iW,Q){x,p)e-P^'dp. (11) 

Jo 

In particularly by Watson's Lemma, as t 0^ 

oo 

iu,e)ix,t) - iuo,Oo)ix) + J2iU'n,Orn){x)t"' 

m—l 

and 

oo 

iv,B){x,t) ^ {vo,Bo){x) + ^(w,„,S,„)(a;)i", 

m— 1 

where \{um,Om){x)\ < mlAgD^ and \{vm, B„i){x)\ < tuIAqD™ with con- 
stants Aq, Aq, Dq, and Dq generally dependent on the initial condition and 
forcing through Lemma l74\ 

ii) Further, if analytic initial data and forcing have only a finite number 
of Fourier modes and /3 > 0, the solutions {H , S){k,p) and {W , Q){k,p) have 
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radii of convergence independent of the size of the initial data and forcing. 
In particularly, constants Aq, Aq depend on the initial condition and forcing 
and constants Dq, and Dq depend on the number of Fourier modes of the 
initial condition and forcing but are independent of the size of initial data 
and forcing. 

Remark 27 In the case /3 > 0, we do not need the restriction j > d. If 
I |m| |^_^ < oo, then for (3' G (0, /3) we have for any n gN, \ \u\ \^+n,i3' < oo. 

Remark 28 Besides the nature of early time asymptotics, the finite radius of 
convergence of the series in p being independent of size of initial condition, at 
least for data with finite Fourier modes, helps determine the solution in [0,pq]. 
Knowledge of the solution on [0,po\ can be exploited (as in the following 
Theorem \ 24^ to compute a revised estimate on uj and a for specific initial 
data and forcing. 

Let {H, S){k,p) be the solution to ([25]) provided by Lemma [571 Define 

jo otherwise 

and 

an 
where 

Notice if iH,S)^''\k,p) is known, then H''^\k,p), S^''\k,p), df'^''\k,p), 
and Gf-^"-\k,p) are also known functions given by (I2ip . Also, recall ui and 
6*1 are quantities based on the initial condition and forcing given in (|14l) . 

Theorem 24 (Improved exponential estimates) Assume ei, B3 and b are 
functionals of the forcing f, initial condition {uq, Oq), and the solution [H , S) 
to the set of integral equations {2^^ on a finite interval [0,po]; determined 
from the following equations for any chosen > 0; 

I'OO 

b = oJo e--°P\\{II,S)^^\;p)\\Ndp 

Po 



finin(p,po) 

giz,z')Pk[e2S^''\k,p')]dp' 



£1=61+64+/ e-^"PB2ip)dp, 
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where 

Bo{k)^Co sup \g{z,z')/z\, Bi^2sup\k\Bo{k)\\{uo,eo)\\N, 
po<p'<p kes.'' 

B2 = 2 sup \k\Bo{kmH,S)'^''H-,p)\\N, B3 = sup \k\Bo{k), B^^a sup So(fc). 
Then, over an extended interval, the solution satisfies the relation 

/ N 

for any lu > ujq satisfying 

uj > ei+2^/B^, 
where f € L^ieT'^^dp) means |/(p)|e~'^^(ip < 00. 

Remark 29 This means that if the solution {H,S), restricted to [0,pq\, to 
the integral equation equivalent to the Boussinesq equation is known, through 
computation of power series in p or otherwise, and the corresponding func- 
tional e and B^h are small, as is the case for sufficiently rapidly decaying 
{H , S) over a large enough interval [0,po]; then a long time interval of exis- 
tence (0,aj^^) for classical solutions to Boussinesq equation is guaranteed. A 
specific choice of luq may be made to optimize the lower bound on lo in the 
above calculations. The point of Theorem \24\ is that solutions to the integral 
equation over a finite interval in p (either in the form of a Taylor series in 
p, as appropriate for analytic data and initial conditions, or in the form of 
numerical calculations, where rigorous error control are expected similar to 
3-D Navier-Stokes f^) can lead to a revised asymptotic bounds on uj which 
translates into a longer existence time for the PDE. 

Remark 210 A similar result holds for the magnetic Benard equation with 
the obvious changes. 



3 Formulation of Integral Equation: Borel Transform 

Our goal is to take the Borcl transform and create equivalent integral equa- 
tions. To ensure decay in 1/t and avoid dealing with delta distribution when 
applying the Borel transform in 1/t, it is convenient to define h, li, s, and q 
so that 

u{k,t) ^uo{k) + h{k,t) (12) 
0{k,t) = Ooik) + s{k,t) 

v{k, t) = voik) + w{k, t) 
B{k,t)^Boik) + qik,t). 

For ([5]), we define 

gf^ -Pk[hjih + hjiuQ + uoj*h] (13) 
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J2] 



-[hjis + hji0Q + UQjis] 



and 



ui{k) := -v\kfuo - ikjPk[uojiuo] + aPk[e20a] + / (14) 

12/ 



01 (fc) := ~n\k\^eo - ikjiuojiOa). 
Similarly, for we define 

[31 ^ 1 ^ ^ " ^ 

g) := -Pk[vo,j*'w + Wjivf) + Wj*w] H Pk[Bo,j*q + qj*Bo + qjiq] (15) 

fj.p 

g. ■= -Pk[va.j*q + Wj^Bo + Wj*q] + PkiBoj^w + qj*vo + qj*w] 



and 

vi{k) := -i^\k\'^vo - ikjPk[vo,3*vo —Bo,j*Bo] + f (16) 

MP 

Bi{k) := — —\k\'^Bo - ikjPk[vQ,j*B() - Bojivo]. 

Using these definitions in ([5]) and ^ and integrating terms whose r depen- 
dence appears only in the exponential, we obtain the integral equations 



h{k,t) = -zA;,^*e-''l^l'(*-^') (^gf\k,s')-Pk[ae2s]{k,s')) ds' 



1 — e-''l'=l^* 



Z/|fc|2 



(17) 







and 



w{k,t) = ~tk, I e-Hfc|^(*-^)g[3l(fe^g)rfg+ n ^ J"' * ) «i (18) 



In both systems, we seek a solution as a Laplace transform, 
ih,s){k,t)= 1^ (H,s){k,p)e-P/'dp 



{w,q)ik,t) = (w,Q)ik,p)e-P/'dp. 
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With this goal, we take the formal inverse Laplace transform in l/i of our 
two equations. The inverse Laplace transform of / is given as usual by 

-1 pc+ioo 
^""^ Jc—ioo 

where c is chosen so that for Re s > c, / is analytic and has suitable asymp- 
totic decay. We define 



f [ T~'^exp[-iy\k\'^T~^{l - s) + {p- p's~'^)T]dT\ ds. 

Jp' /p I J c-ioa J 



n^-\p,p',k): 
Then becomes 

H{k,p) = -tk, r n^-'\p,p',k)G^l\k,pW + rH^''\p,p',k)Pk[ae2S]{k,p)dp 
Jo Jo 

(19) 

S(k,p)^~ik,j\(^\p,p',k)Gf{k,p')dp' + 0,{k)C~^ ||i_£_jj^^ (p) 
and (fTSl) becomes 



W{k,p)^-ik,j\^''\p,p',k)Gf{k,p')dp' + v,{k)C-^ ||L_£_^j (p) 

(20) 

Q{k,p) = -ik,j\(^^^~\p,p',k)Gf{k,p')dp' + B,(k)C-^ ( ^~(^a)-"i|fcp" 
In the above, (7i'2^3,4 _ £_ij^i,2,3,4j^ Specifically, 



\w] - 



Gf = Pk[vo.i*W + Wjivo + IW] - —Pk[Bo,jiQ + Qf^B^ + Qj IQ] 



Gf = Pk[vo.i*Q + l^jSSo + ly, :Q] - Pfe[So,j#VK + QjSi)o + 



While the derivation of the integral equation is formal, we prove later (Lemma 
I61|l that the unique solution to the integral equation in the Borel plane generates a 
solution to the Boussinesq/magnetic Benard equation through Laplace transform. 
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where * denotes the Laplace convolution followed by Fourier convolution (or- 
der is unimportant). We now make the observation that our 

kernel 

has a representation in terms of Bessel functions. Namely, 

= -g{z,z') :^ ^{-Ji(z)yi(z') + yi(z)Ji(z')} 
z z 

where Ji and Yi are the Bessel functions of order 1, z = 2\k\,Jvp^ and 
z' = 2\k\^up' . In similar spirit, we have 

2Ji(z) .-i/^ l-e-l^l^-'^ V , 
-^=^ \ J(^)- 

These assertions are proved in the appendix in Lemma [HI] and Lemma 1921 
Thus, our integral Boussinesq equation becomes 

H{k,p) ^7^^^ r g{z,z')Gf{Kp')dp' r ^lllllp^le,fik,p')]dp' 

(23) 



+ 2ui{k)- 



z 



Z\K\^lip Jq C, 

where C = 2\k\y/JIp, and C = 2\k\y/JIj7. Abstractly, we may write the set of 
equations ([23]) as 



{H,S){k,p)=M[{H,S)]{k,p). (24) 
Similarly, our integral MHD equation becomes 

W{k,p) =t3^ rg{Srz')Gf{k,p')dp' + 2Mk)^ (25) 

mp) rgca'mk,p')dp'+2Mk)^ 



mvp Jo ' ' = ^ ^ ■ ' c 

where z = 2\k\^, ~z' = 2\k\^/l^, ( = '^l^l^J^, and C' = 2|fc|y^. Ab- 
stractly, we will denote the set of integral equations in (P5|) as 

{W,Q){k,p)^M[{W,Q)]{k,p). (26) 

Remark 31 By properties of Bessel functions \g{z,z')\ is bounded for all 
real nonnegative z' < z. (The approximate bound is 0.6). 

Remark 32 By properties of Bessel functions \g(z, z')/ z\ is bounded for all 
real nonnegative z' < z. 
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To prove Theorem [2T] and [22l we will show M and M are contractive in a 
suitable space, so (iJ, S) and {W , Q) are Laplace transformable in 1/t. Then 
Lemma W\\ tells us that (/i, s) and {w,q) the Laplace transforms satisfy (flT)) 
and (fT5)l for 5R(l/t) large enough. This means that at least for small enough 

Jo 

solves the Boussinesq equation ([5]) in the Fourier space with given initial 
condition and 

noc 

{v,B){k,t)^{vo,Bo)+ / {W,Q){k,p)e-P/'dp 
Jo 

solves the magnetic Benard equation ^ in the Fourier space with given 
initial condition. Furthermore, we show {u,0){x,t) = J^~^[{u, €>){■, t)]{x) 
(respectively, {v,B){x,t) = J^^^[{v, B){-,t)]{x)) is a classical solution to the 
Boussinesq (magnetic Bernard) problem. 



4 Norms in p 

Recall the norm || • Hat in A; is either the (7,/?) norm given in Definition 1221 
for some (3 > Q and 7 > d or the L°° norm. 

Definition 41 For a>\, we define 

||/||(")=sup(l+/)e-"^'||/(.,p)||^. 

Definition 42 We define A"' to he the Banach space of continuous function 
of {k,p) for k E and p G M+ for which || • ||" is finite. In similar spirit, 
we define the space Ai of locally integrable functions for p G [Q,L), and 
continuous in k such that 

11/11? = l\-^^\\f{-.p)\\Ndp<^. 

Jo 

Definition 43 Finally, we also define A"^ to be the Banach space of contin- 
uous functions in {k,p) for k in and p G [0,L] such that 

II/IIl = sup \\f{;p)\\N<00. 

pe[o,L] 

These norms are used in the analysis of the solutions to and (|25p . The 
norms are used to guarantee the solutions have the properties necessary to 
insure their Laplace transforms satisfy the corresponding integral equations, 
([5]) and ([5]). Furthermore, to show Borel summability for analytic data and 
forcing, more regularity in p is required than provided by || • ||". By proving 
the solution is unique in the spaces A" and A'l, where one clearly contains 
the other for finite L, we are assured of regularity in p. 
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5 Existence of a Solution to ([23]) and ([25]) 

We need some preliminary lemmas. Recall, d — 2 or d = 3 denotes the dimen- 
sion in X or its dual k. Often constants appearing in subalgebra bounds will 
depend on dimension. We will explicitly state the dependence when defining 
them and suppress the dependence elsewhere. 

Lemma 51 // HwH^,^ and \ \w\\.y^i3 < oo for 7 > d and k S M'^, then 

\\v*U!\\j,i3 < Co{d)\\v\\j^i3\\w\\^^i3, 

where 

Co (2) = 2^+1 / -n^dk' = ^ and 

A'en^ + (7-l)(7-2) 



fe'«3 (l + |/c'|)7 (^_i)(^_2)(7-3)- 

Proof The d ~ 3 case can be found in |5j and the d = 2 case is basically the 
same. For a detailed proof see [T3]. From the definition of || • ||-y.^ and the 
fact that e-'3(l'='l+l'=-'='l) < e'^l'^l, we have 



II- II Il7,/3II 117^/^7^,^^, (l + |/c'|)7(l + |fc-A;'|)7 

Split the integral into two domains < \k\/2 and its compliment to show 

^ dk' < , ^''t'. / Ir^dk' 



(1 + |fc'|)^(l + \k- k'D-r - (1 + |/c|)7 (1 + l/c'D-r 

_ 27+^7r 
- (i + |fc|)7(^-l)(^_2)' 

where polar coordinates and integration by parts are used to evaluate the 
last integral. 

Corollary 52 // HwHat; HwHat < 00, then for Cq = Co{d) chosen such that 
Co = Co for N = (7, /3), 7 > d and Co = 1 for N ^ n , we have 

\\viw\\N < Co\\v\\n\\w\\n- 
Lemma 53 Also, notice that 

\{Pkif),Pk{9))\\^<\\{f,g)\\N 

Proof Pk is the projection of a vector onto k^ . 
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Lemma 54 With C'o as defined in Corollary \52l appropriately modified for 
d = 2 or 3, and constants 



Co = 



sup |^(z,z')l, 



C4 = 27r niax(^^, Y^/Ict) niax(l, — )Co sup 

v*^ MP zeR+,o<2'<z 

C3 = TTfl sup |CJ(z, 

we have the following hounds on the norm in k, for operators Af and M. 
defined in \24^ and i f^) respectively: 



||AA[(7?,5)(.,p)]||A.<^^'(||(7?,^)(,p')lk*ll(^,5)(.,p')lk 



+ 



||(uo,6'o)||A'||(i^,5)(-,p')l|jv)dp' + ||(t^l,ei)||jV + C3 j \\S{;p')\\Ndp' 

(27) 



\\M[{W,Q){;v)]\\n< 



\\{wM;p')\\n*\\{wM-,p')\\n 



\\{v^,BM\{W,Q){-,p')\\N]dp' + \\{vi,Bi)\\n (28) 



and 



||AA[(7?W,5W)](.,p)-AA[(i?[2l,^Pl)](.,p)||^< (29) 
^ r(||(7?[i^5W)(,pOllA' + ll(i?[^^[^l)(^pOIU)*||(i?[^^^™ 



(i?[2],5[2])(.^p') +||(uo,6)o)||^||(i?W,^W)(.,p')-(^''',^f")(-,p')lkrfy 



N 



+C3 / ||^W-5[2l(.,p')||jvdp' 



I \M , Q W ) (• , p)] - X [(W^[2] , Q[2] ) (. , p)] 1 1^ < (30) 
-{W^^\Q^^\){.y) + ||(f)o,Bo)lkll(t^W,QW)(.,p') - {W^^\Q^^^){-,p')\\Mdp'. 



N 



Proof We will give the proof for (1^ and (PO]) . The two inequalities for (7?, 5) 
are very similar. From [T, | Ji(z)/z| < 1/2 for z S and 



2(^,(fc):M!),5,(fc)#) 



< ll(*i,^i)|U. 



(31) 



AT 
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From Corollary [521 we have 

\\\vo\HW,Q)MWHvo,Bo)+\W\:iW,Q)\\N < 

2Co||(^o,So)lkll(l^,Q)(^p)||iv + C'o||W^(-,p)||iv*||(W^,Q)(-,p)l|jv 

Similarly, 



|Bo|* ( — ,1^1 (— ,«o ) +IQI 



,w 



< max 1 



N 



1 



2Co||(i)o,Bo)||^||(W^,Q)(-,p)||jv + Co||Q(-,p)|U*||(W^,Q)(-,p)IU 



Then using Lemma I53[ the two inequalities above, and Schwartz inequality 
we obtain 



\\k,iGf\Gf)\\N <4Co|fc|max ( 1, ) [\\{W ,Q){;p')\\n * \\{W ,Q){;p')\\n 



1 



\\{vo,Bo)\\n\\{W,Q){;p')\\n 



Now, noticing that 



< 



ma.^{^,^)\kjiGf\Gf)\ sup \g{z,z')\ 

\IV 2gK+,0<z'<z 



(1281) follows directly. To obtain ([301) notice that 

wf :(w^w,qW) - w^f :(#[2]^Q[2]) ^ 

From which we get 

H/W:(vK[il,Q[il)_W^[2l*(w/M,g[2]) 

* (ll(VFW,Q™)lk + ll(VF''i,Q''i)lliv! 

Similarly, 

o™:(QW,w^W)-gfi:(Q[^H^[^i) 



)[2]> 



AT 



(w^w,gW)-(w^[2]^Q[2]) 



* (ll(w^w,Q™)lk + ll(w^''i,0''i)lliv)- 



Combining this bound and bounds using Lemma [S31 as in the first part of 
the proof, we get ([501) . 
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Lemma 55 For f, g e A"" ,A'l: or Af 

11/311^"' <MoCo||/||(")||5ll^"^ 
11/3111"^ <Co||/||i"^||5ll^"^ 
\\f:mi°"^<LCo\\f\t^\\g\t\ 
where Mq « 3.76 • • • is large enough so 

{l+p^)ds 



(l + s2)(l + (p-s)2) 



< Mo. 



This means the Banach spaces listed in the norms section form subalgebras 
under the operation *. The properties listed are independent of dimension 
except for a change in Cq showing up due to the Fourier convolution. The 
proof is in [5 . The basic idea is that k and p act separately in the norm. So, 
we need only consider how the p portion of the norm effects u{p)v{p— s)ds. 

Lemma 56 (This lemma expands the bounds in Lemma [5^ to bounds in p 
in some of our other norms). On A" , the operators A4 and M satisfy the 
following inequalities 

||AA(^,^)||?<C2V^a-V2{(||(7?,5)||?f + ||(^io,0o)lkll(ff,^)||?} 

+ a-'\\{ui,Oi)\\N + a-'CsWSW^, (32) 

||A^(W^,Q)||?<C4V^a-i/2{(||(W',Q)||?f + ||(f)o,B„)|U||(W',g)||?} 

+ a-i||(«i,i?i)|U, (33) 

and 

||AA(ijW,5W)-A/'(^''',^''')ll? < 
C2V^a-V2|(||(^[i]^^[il)||« + ||(^[2]^5[2])||aj (||(7?W,^W)-(i?[2l, ^[21)11?) 

+ ||(uo,4)lkll(i?W,^W)-(i?['i,5[2l)||?}+a-'C^3||^W-5[2]||«, 

(34) 

||a^(i^w,qW)->'(w^''',Q^'')II? < 

C4V^a-^/^{(||(l^W,QW)||? + ||(W^[^Q[^l)||?) (||(M/W,QW)-(W^[^Q[^1)|| 

+ ||(z)o,Bo)IUI|(W^W,QW) - (M/['l,g['l)||?} . (35) 
Similarly, for Af , we have 

||AA(i7,5)||r <C2Vl{i(||(i?,5)||r)' + ||(uo,0o)lkl|(i?,^)|ir} 
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+ \\{u,,0,)\\n + LC3\\S\\T, (36) 

\\M{W,Q)\\T < C,VL[L{\\{W,Q)\\Tr + \\{vo,Bo)\\N\\iW,Q)\\T} 

+ \\{vuB,)\\n, (37) 

and 

||7\^(ffW,5W)-^(^'^^^'^')ilL < 
C72x/l{L(||(FW,5W)||r + ||(^PUPl)||?) (||(^W,5W)-(^Pl,5Pl)||r) 
+ ||(wo,0o)lkl|(i?W,5W) - (7J[2],5[2])||-} +iC3||5W - (38) 

||7W(VFW,QW)->'(W^''',Q''')lir < 

c^Vl^l (||(wW,oW)||r + ll(w^''^Q''i)ll?) (||(w^w,qW) - (w^['i,Q['')l|g^) 

+ ||(t)o,Bo)||iv||(VFW,gW) - {W^^\Q^^^)\\f} . (39) 
Proof For the space and any L > 0, we note that 

r e-"P\\{ui,9i)\\Ndp < a-^\\iuuOi)\\N 
■Jo 

and 

£ e-"Pp-''^dp < r ^ ^„-i/2_ 

We further notice that for y{p') > 0, we have 
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Then, using (gO]) in ^ and the idea in Lemma [55] that /q^ e-"P[(||g||Ar * 
"-'\N){p)]dp<\\g\m\h\\f,wehave 



e-^P\mH,S)\\Ndp<C2V^a''/'{{\\{H,Sm' 
+ ||(wo,©o)lkll(if,^)||?}+a-'||("i,ei)|U + a-^C3||5||?. (41) 
This proves (15^ . Further, from (|29l) . it also follows that 

'e-"f||AA(7?W,^W)(.,p)-AA(i7[2l,^[2l)(.,p)||^dp< 

+ \\iuo,Oo)\\N - +a-iC3||^W - S^'^\'^. (42) 

This proves (p4)) . The inequalities for {W,Q) similarly follow from ((28|) and 
Now, we consider A'f^. We note that for p E [0,L], we have 



/ y{p')dp' 



< sup |y(p)|VL. 



We recall from Lemma [55] that 



yi{s)y2{p - s)ds 







< L sup |yi(p)| sup \y2{p)\ 
Vpe[o,L] / Vpe[o,i] 



Taking 

y{p) = \\{H,S){;p)\\n * ||(^,5)(.,p)||^ + \\{u^,OM\{hJ){-,p)\\n 
and yi(p)=2/2(p) = ||(^,5)(-,p)||jv, 
follows from To get the bound in (j38p we will choose, 

jy(p) = (||(i?[i^5W)|U + ||(i?[2l,5[2l)|u)*||(7?[i^5W)-(i?^^^ 



,0o)lkl|(i?W,^W)-(i?['U[2])||^ 



2/i(p) = ||(7?W,5W)|U + ||(ff[2l,5[2l)||^ 
2/2(p)= (i?W,5W)-(i?[2l,5[2l) 



AT 



now using (|^ the proof follows. The bounds on (W^, Q), (|57)) and are 
proved in similar spirit. 
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Lemma 57 Equation i23\) has a unique solution in Ai for any L > in a 
ball of size 2w^"'^||({ti, 6'i)||Ar for uj large enough to guarantee 

2C2V^c.-i/2|2^-i||(^i,©i)||jv + 11(^0, eo)||Ar + ^^^-'/'| < 1 (43) 

where (ui, 0i) is given in Similarly, equation \25\) has a unique solution 

in Af for any L > in a ball of size 2a^^\\{iJi, Bi)\\pf for a large enough to 
guarantee 

2C4V^a-'^^ {2a''\\{v,,Bi)\\N + \\{vo,Bo)\\n} < 1 (44) 

where {vi, Bi) is given in il6\} . Furthermore, the solutions also belong to A^ 
for L small enough to ensure either 

2C2Li/2|2L||(^i, 01)11^ + ||(uo,6)o)||jv + ^i'/'| < 1 (45) 

or 

2CaL^/^ {2L||({>i,^i)||Ar + ||(i)o,Bo)||Ar} < 1 (46) 

depending on the equation being considered. Moreover, limp_^Q+ (i? , S){k,p) = 
(ui,6'i)(fc) and \mip^Q+{W ,Q){k,p) = {vi,Bi){k). 

Proof The estimates in Lemma [SB] imply that A4 maps a baU of radius 
2q!^^||(-Ci, lji)||jv in Af into itself and is contractive when a is large enough 
to satisfy (j44p . Similarly, A4 maps a ball of size 2||({}i, i?i)||jv in Af^ into 
itself and is contractive when L is small enough to satisfy P5)) . Therefore, 
there is a unique solution to the Benard integral system of equations in the 
ball. Furthermore, Af^ C A", so the solutions are in fact one and the same. 
Similarly, M is contractive on a ball of radius 2a;~^||('Ui, 6'i)||Ar in Ai for 
w large enough to satisfy (|43)) and a ball of size 2||(iti, 6'i)||7v in Af^ for L 
small enough to satisfy (^5]) . So, the Boussinesq integral system has a unique 
solution in each of these spaces. Since A"^ C Af, the solutions are in fact 
one and the same. 

Moreover, applying dMl) (respectively, ^) with {H^^\S^^y) = iH,S) 
(respectively, (W^[il,gW) = iW,Q)) and {H^^\ S^^^ - iW^^\Q^^^), we 
obtain 



iH,S){k,p)~ (Mk)^^,0,{kf^'^^^ 



OO 

< 

C2L^/2{L(||(iJ,^)||r)' + ||(«o,0o)lkl|(^,5)||r}+iC3||^||^ 

and 



iW,Q) ik,p) - ( ^i(fc)^,Bi(fc)^ 



< 

L 
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C,L''^L{\\{W,Q)\\tf + \\{v,,B,)\\MwM\T}- 
Since \\{H,S)\\f and ||(V{^, (5)||l are bounded for small L, letting L -> 0, 

^ 



and 



{W,Q){k,p)-[v,{k)'^^,B,{k) 



c 

2Ji(C) 

c 



^ 0. 



As \ivi\z^Q2Ji{z) / z — 1, for fixed k, \imp^o{H , S){k,p) = [iii, 0i)(k). Simi- 
larly, for fixed k, \imp^o{W,Q){k,p) ~ {vi, Bi){k). 



6 Properties of the solutions 

We have unique solutions to our two integral equations, and (PU]) . We 
show in the following Lemma |6T] that these solutions Laplace transforms give 
solutions to ^ and which are analytic in t for 5Ri > cu (resp. a). Lemma 
[64] below shows that any solution of ^ with 1 1(1 + | • i)| [at < oo or 

respectively ^ with ||(1 + | • \)'^{v, B){-,t)\\N < cx) is inverse Fourier trans- 
formable with {u,0) solving ([3]) and {v,B) solving Lemma l62] below 
insures that + \f{u,0){-,t)\\N < oo and ||(1 + | • \f{v, 13) {-,1)11 n < oo. 
Thus, combining these two results, we have {u,e)ix,t) = F-^{u,0){k,t) 
and {v,B){x,t) = J^~^{v, B){k,t) are classical solutions to ^ and dU re- 
spectively. 

Lemma 61 For any solutions (H, S) and {W, Q) of U9\) and H20\) such 
that \\{H,S){-,p)\\n e L^e-'^Pdp) and \\{W,Q){-,p)\\n e L\e-°'Pdp) the 
Laplace transform 

(•oo 

{u,0){k,t)^{uo,Oom+ {H,S){k,p)e-P/'dp (47) 

Jo 

and 

/■oo 

{v,B){k,t)^{vo,Bo){k)+ {W,Q){k,p)e-P^'dp (48) 

Jq 

solve (0) for ^{1/t) > cu and (0) for 5R(l/i) > a respectively. Moreover, 
{u,0){k.t) is analytic for t G (0,0;^"'^) and {v,B){k,t) is analytic for t £ 
(0,a-i).' 

Proof We may write 

/■I r 1 fC+ioo ^ 

n^''\p,p',k)^ I— T-^exp\-iy\kfT-\l~-s) + {p-p's-^)T]dT}ds 

Jo I 27ri 7c-joo J 

since by contour deformation the integral with respect to r can be pushed 
to -|-oo and is therefore zero for s e {0,p'/p). Let Gi = -ik^cf^ + Pk{ae2S) 
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and Gi = —ikjG^j^ for 1 — 2,3, 4. Changing variable p'/s -> p' and applying 
Fubini's theorem gives 







and 

rp 







(n^''\p,p',k)Gi{k,p'),n^^^\p,p',k)G2{k,p')yp' (49) 

(H('')(p,p',fc)G3(fc,p'),^^-^b,p',fc)G4(fc,p'))rfp' (50) 
= ^ 5 (G3(fc, (p - p', s, k),Giik, p's)I^^\p - p', s, /c)) dp' I 



where for p > 



-I pC-\-'100 

T^''\p,s,k)^ / T-^exp[-v\k\^T-^{l- s)+pT]dT. (51) 

Taking the Laplace transform of ([^^ and (|50p with respect to p and again 
using Fubini's theorem yields 

lo ^ ' {/ (^i(^"'^''*)^^"^(^'"^''*'^)'^2(A:,p's)l(^)(p-y,s,fc)) sdp'ds^ 

= y (gi{k,st)&\t,s,k),g2{k,st)l'^'^Ht,s,k))ds 

and 

>/ e-P*"' j^^ [Gz[k,p's)I^''\p-p',s,k),Gi{k,p's)I^^\p-p',s,k)) sdp' ds^ dp 

gsik, st)&\t, s, k), g4k, st)I^T^Ht, s, fc)) ds. 



where g{k,t) = C[G{k, ■)](t-'^) and I{t,s,k) = C[I{-, s,k)]{t"^). By as- 

sumpti.on \\{H,S){;p)\\n e L\e-'^Pdp), \\{W ,Q){;p)\\n e L^e-'^Pdp), 

||(mo, '9o)||Af < oo, and ||(?)o, So)||Ar < oo. From the definition of G^'' given 

in (l?T|) and Lemma [55] it follows that G are Laplace transformable in p, for 
t e (0,w^^) or t G (0,a^^) as appropriate. Thus, 

gi := —ikjPk[hjih + hjiiiQ + iiQ^jih] + Pk[ae2s] 
g2 := —ikj[hj*s + hjiOo + Mo.j*s] 



while in similar spirit {g^, gA){k, t) is given by multiplying the right hand side 
of (fl^]) by ikj. We also have 

/('')(t,s,fc) =te-''l'=l'*(i-"'. (52) 
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Recalling the integral equations for {H, S) and {W, Q) given in ([T9| and ([20|. 
we have 

= (e-''l'=l'(*-^).gi(fc,s),e-H'=l^*-)52(fc,s)) 

and 

iw,q){k,t) = (e-''l^-|'(*"^)53(fc,s),e-^l'=l'(*-^)54(fc,s)) 

Therefore, we directly verify {u,0){k,t) — {uo,0o){k) + {h,s){k,t) satisfies 
dni) and {v,B){k,t) = {vo,Bo){k) + {w,q){k,t) satisfies (O- Moreover, ana- 
lyticity in t follows from the representations 

(u,0){k,t) - {uo,0om + (i?,^) {k,p)e'-P"dp 

{v,B){k,t) = {vo,Bo){k) + (w,q) (k,p)e'P/'dp. 

Lemma 62 (Instantaneous smoothing) Assume \\{uo,0o)\\n < oo, IK^o, -Bo)||Af 
oo, and \ \f\\N < oo with N either nL°°(M'') or (7,/3) with d, j3>0. 
For the solution {v,B) known to exist by Lemma \57\ for t G (0,T] with 
T < a^^, we have ||(1 + | • B){-, t)\\N < oo for t e (0, T]. Respectively, 
||(f + |-|)2(u,6>)(.,i)||jv <oo forte (0,T] with T < uj-\ 

Proof The two cases are similar, we present the Benard case. Our goal is to 
boot strap up using derivatives of {v, B). Consider the time interval [e, T] for 
e > and T < a^^ . Define 

V,{k)= sup \{v,B)\ik,t). 

e<t<T 

Since \{v,B)ik,t)\ < \{vo, Bo){k)\ + \{W ,Q){k,p)\e-^Pdp, 

\\Ve{k)\\N < \\{vo,Bom\\N + ||(T4^,Q)(fc,p)||? < oo. 
On [e,T] for e > 0, 

v{k,t) = e-''l'=l'*i}o(/c) - / e-^l'^l'^*"^) (ikjPk[vj*v ~ —Bj*B]{k,T) - f{k)] 
Jo \ MP / 
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B{k,t) = e~ 
Therefore 



1^" Bo{k) — ikj / e < Pk[vj*B + Bj*v]{k, r) > dr. 



\k\\{v,B){k,t)\ < {vo,Bo){k) 



J— sup ze + 



ft 

I/I / |fc|e-™('''^)l'=l'(*-^)(ir 
Jo 



+2Vo*Vo / |A;|2e-™("'7:^)l'=l ('""^dr. 

^0 



Noticing that 



f\k\ 
Jo 



2g-min(i.,^)|fep(t-r) 



miniu, — ) 



and 

f\k\ 
Jo 

it follows that 

\k\Ve/2 



1 - e 



g-min(.,^)|fc|^(t-r)^^ < SUp = , 

z>0 Vz niin(i^, — ) 



C 



||(^o,^o)||iv+ ■ / 1 , (2Co||t/o||^ + CVT||/||;v) <oo. 
mm z/, — V / 



In the same spirit, for f S [|,T], we have 



1 

MP 



e — ' - I iPfc(w,*[A;jt)] Bji[kjB]){k,T) - f{k) dr 



-Ikl-'t 

B{k,t) = e^^B{k 



,e/2)-i f , 

Je/2 



-lfcl^(t-x) 



e 



\Pk{vji{kjB] + 4*[A;,t)])(/c,T)} dr, 



where we used the divergence free conditions k - v = Q and k ■ B = 0. Multi- 
plying by |fc|^ and using our previous bounds, we have for t G [e,T] 



\kWv,B){k,t)\ < {v,B){k,e/2) 



sup 26 



(i-e/2)min(i/,^) 



+ (2K/2*|/c|V;/2 + |/|) r |fc|V™('^'7^)l'=l'(*-^)dr 

Je/2 



Hence, 



C 



|A:|V, < -||({)o,So)||jv + — 



N € 



min(i/, — ) 



2Cn 



/2 



N 



+ f N 



All the terms on the right hand side are bounded, which gives 1 1 (l-|-|fc|)^Fe 1 1 Af < 
00. Further, as e > is arbitrary, it follows that 1 1(1 + | • |)^(?), t)||jv < oo 

for t e (o,r]. 
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Remark 63 We note that the smoothness argument in x of the previous 



Lemma can he easily extended further to show 



{l + \k\fV, 



N 



is finite pro- 



vided 11(1 + |fcp)/||Ar, is finite. Since e > is arbitrary this implies instanta- 
neous smoothing two orders more than the forcing. 

Lemma 64 Given (u, 0) a solution to ^ such that ||(1+|-|)^(m, 0){-, t)\\N < 
oo for t e (0,a;-i), then {u,0) e L°°[0,u}~\ H^iW^)] solves (0). Respec- 
tively, given (v,B) a solution to (0j such that ||(1 + | • |)^(u, t)| j^v < oo 
forte (0,a-i), then {v, B) e L°°[0,a^^ , H'^{W^)] solves (gp. 

Proof The two cases are similar, we show the Boussinesq case. Suppose (m, 0) 
a solution to © such that ||(1 + | • \ f{u,0){-,t)\\N < oo for t e {0,uj^^). We 
notice that by our choice of norms, (1 + | • |)^(u, 6>)(-, t) G L^(]R'') for any 
t e (0,a;~^). Indeed for N = {-f,l3), we have 



{l + \k\)^\{u,0){k,t)\^dkY^^ < 



\nu,0){-M,,p 



-2/3|fc| 



(l + |fc|)27 



dk 



1/2 



As 7 > d, / (i+iii)^-. e-^^l'^ldfc < oo. For N ^ n we have. 



[l-\-\k\)^\{u,0){k,t)\'dk< / {l+\k\y\{u,0){k,t)\dk sup(l+|A:|)^|(u,6')(fc,t)|. 

■J feeRti 

So, 11(1 + I • |)2(u, ©)(.,t)|U.(R.) < 11(1 + I • |)2(u, ©)(.,<)|UinL-(R<*). Thus, by 
well known properties of the Fourier transform {u,0) = J-^^{u,0){x,t) G 
L°°{0,uj-\H'^(R'^)). As {u,0) solves ®, {u,0) is differentiable almost ev- 
erywhere and 



Ut + i^\k\'^u = -ikjPk[ujiu] + aPk[e20] + / 
0t + ^i\k\'^0 = ~ikj[uji0], keR'^ t e M+ 



(53) 



Further, {ut,0t){k,t) G L°°(0, w"!, ^^(Md)) since (1 + |fc|)2(u, 6>)(A:, i) G 
L°°(0,a;-\L2(M'i))^ Hence, {u,0){x,t) = J^~^{u,0){x,t) solves 

M( — i/Au = —P[u ■ Vu — ae20] + /(a;) 
0t - ^lA0 ^ -u ■ V0. 

Proof of Theorems [21] and [22t Suppose ||(1 + | • \)^{uo,0o)\\n < oo and 
II/IIat < oo. Then from the definition of {ui,0i) in (|T4)) we see ||(ui, 01)11 at < 
oo, since 



("1,01)11^ < max(i^, /i) |fcp(uo,6'o) +Co||-uo||Af I^Kuc^o) 



AT 



-a||0o| 



N 



N- 
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Therefore, when uj is large enough to ensures (|43|) . LemmalSTl gives {H, S)(k, •) 
is in L^{e'''^Pdp). Applying Lemma [CT we know for t such that 5Ri > lu, 

{H, S){k,p) is Laplace transformable in 1/t with {u, 0){k,t) = (uo,0o){k) + 
{h,s)(k,t) satisfying Boussinesq equation in the Fourier space, ([S])- Since 
\\{H,S){-,p)\\n < oo, we have i)| Iat < cx) if dij > uj, and i) is 

proved. Moreover, Lemma |6T] shows that {ii, 0) is analytic for SRi > uj and 
has the representation 

/>oo 

{u, 0){k, t) = (mo, eo){x) + / {H, S){k,p)e-P/'dp (54) 

Jo 

proving ii). For iii), Lemma l62] shows that ||(l + |-|)^(?i, ©)(•, t)||Ar < oo for t G 
[Q,uj-^) while Lemma [H shows that {u,0){x,t) e L°°{0,T,H'^{R'^)) solves 
(121). Moreover, {u, 0){x, t) is the unique solution to © in L°°(0, T, H'^iW^)) as 
classical solutions are known to be unique, [T7]. Finally, suppose {H, S){k, ■) 
is in L^(e~'^Pdp) for any uj > 0. By Lemma 1611 we know for any t > 
0, {H ,S){k,p) is Laplace transformable with {u,0){k,t) = {uo,0o){k) + 
[h, s){k, t) satisfying Boussinesq equation in the Fourier space, ([5]). Further, 
appealing to instantaneous smoothing Lemma [62] the solution is smooth. 
Thus, if {H , S){k, ■) is in L^{e^'^Pdp) for any oj > 0, then a smooth global so- 
lution exists and iv) is proved. This shows the Boussinesq existence theorem. 
The proof of Theorem [22] is very similar. 



7 Borel-Summability 

We now show Borel-summability of the solutions guaranteed by Theorem 
\Tn and Theorem [51] for /3 > 0. This requires us to show that the solutions 
{H, S){k,p) and {W, Q){k,p) to the Boussinesq and MHD equations, respec- 
tively, are analytic in p for p G {0} U M+. First, we will seek a solution which 
is a power series 

oo 

{H, S)ik,p) ~ iu^,0^){k) - ^(ffW, ^W)(A;)p' (55) 

OO 

{W, Q){k,p) - {vuBim = ^(M/W, QW)(fc)p'. (56) 

1=1 

Remark 71 We will use induction to hound the successive terms of the 
power series. Many of these bounds have constants depending on the dimen- 
sion in k as before. For brevity of notation the dependence on dimension is 
suppressed after introducing the constants. 

For the purpose of finding power series solutions, (|23|) and (|25)) are not 
good representations of the equations. By construction, ^Q{z,z') satisfies 
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pp 



'-]y = with ^g{z,z') -> and dp (fg(z,z')) ^ ^ as / 



approaches p from below. Hence, we have the equivalent equations 
[pdpp + 2dp + v\k\^]H = ikjCf + aPk[e2S] 



and 



[pdpp + 2dp + v\kY]S = ik,G) 



[2] 



(57) 



+ 2dp + i/|fc|^]VF = i/cjG 



[pdpp + 2dp + v 



[k[']Q = ik,G';K 



(58) 



We substitute ((55|) into ([57| and ([56| into ((58)) and identify powers of to 
get a relationship for the coefficients. We will use that l^p^ — p^^^ /{I + 1). 
We will also use the fact that 



p^ *p^ = 



l\n\ 



J+ri+l 



For / = 0, we have 



2i?[^l = ~ikjPk[ui,.jiuo + uojSui] - v[k[^ui + Pk[ae20i] 
25^ = -ifcj[Mi,j*6>o + uoj*6»i] - ^l[k[^Ol 



(59) 



and 

2Q[i1 = -ikjPk 

For / = 1, we have 
6i7[2l+^.|fc|27j[i] 



MP 



MP 



(60) 



J /i(7 



ikjPk[Hfhuo + uo.jiii^^^ + uijiui] + Pk[ae2S^^^] 



and 



(61) 



HP ^ 



~ik,Pk[w]'hBo + vojiQ^'^ + vi.jiBi] 
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More generally, for / > 2 in the Boussinesq case, we have 

; 1-2 



!i = l 



(63) 



■d-i] 



ii=i 



(64) 



In the MHD case, we have 



[l + 1)(Z + 2)T^['+il = - i^Pfe 



^ Zi!(Z-Zi-l)! ^jU]^^yM,-i] 



.ii=i 



(65) 



(66) 

+i)o,,*0''^ + W^'^iBo + jVijiQV-i] + ] + ikjPk [ Boj*#W + Qfivo 

il=l 

Definition 72 7i is useful to define a n-th order polynomial, call it Qn, 

Q„(,)=^2"-|. 



Definition 73 It is also useful to define constants 

Ml = max(i/, /i) 

1 



M2 = max ly, — 

/iO" 



Ms = max 1, — . 

MP. 
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Lemma 74 // ||(uo, 6>o)||7+2,,3 < oo and ||(?)o, Bo)|l7+2,/3 < oo /or 7 > d 
and j3 > 0, then there are constants Aq, Aq, Dq, Dq > not depending on I 
or k such that 



(67) 
(68) 



Furthermore, the solutions guaranteed to exist in Lemma ( |57[ ) have conver- 
gent power series representations in p, and for \p\ < (4Z?o)~^ 



{H,S){k,p) = (^i,0i)(A;) + ^(i?W,5W)(fc)p' 

1=1 

and for \p\ < (4L)o)~^ 

00 

{W,Q){k,p) = (t)i,i3i)(fc) + ^(iyW,QW)(A:y. 

To prove this lemma we will establish bounds for (ijW, 5^) and (M^W, gW) 
using induction. 



Lemma 75 For the base case, we have 

e-^\''\Q2mk\)AoDo 



|(7?W,5W)(A:,p)|< 
|(W-W,QW)(A:,p)|< 



{i + \k\)y9 

e-'^l"lg2(/3|fc|)io£'o 
{l + \k\)f9 



(69) 
(70) 



for 



AoDo > ^\\{ui,ei)\U^p (Co/3||(wo,^o)|l7./3 + Mi+a/?2) 



AoDo > ^ I , B,)\\^^pM2M3 (1 + Com {vo , ^0) 1 
Proof From ([5^ . ([SO]) , and Lemma [551 we get 



|(i7W,^W)(A:,p)|< 



2(l+|fc|)7 



ifcni(ui,ei)ii^,^Mi 



(71) 



+ 2Co|A:| (mo,6>o) 6)i)||^,/3 + all^ill-y,^ 

7,^ 



e-/3|fclM2M. 



|(M^W,QW)(fc,p)| < ^^^_^||(z)i,Bi)lk/j (|fc|2 +4Co|fc| (t)o,Bo) 



The result now follows from ((7T|) and (1721) after noting that Q2{(3\k\) 
4 + 2/3|fc| + l/2(/3|fc|)2. 



7,/3 

(72) 
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For the general terms we will need a series of lemmas, which depend heavily 
on the lemmas developed in the Fourier inequalities section, bounding the 
terms that appear on the right side of ([M]) and (p5|) . 

Lemma 76 Assume that (7?W,S'W) satisfies and satisfies 

for I > 1. Then we have, 

\knHW,SW)\ ^ 6^o^[,e-^l'=lQ2;+2(/3|fc|) 



(/ + !)(/ + 2) 



(/ + !)(/ + 2) - /32(l + |A:|)7(2Z + 3)2 ' 
Proof The proof follows from (p7|) or directly by noting that for y > 

< Q2l+2[y) and —, TTTrr-, — < 6. 



(2Z + 2)(2Z + 1) 



il + l){l + 2)i2l + l) 



Lemma 77 Suppose (ijW,^^) satisfies (67^ and (iyW,QW) satisfies ^ 
for I > 1. Then both 



1 



{l + l){l + 2) 
are bounded by 



and 



(/ + !)(/ + 2) 



9711/- Ami 9C7^AojJ[,e~^l^l ^ 



Similarly, 
1 



(Z + l)(Z + 2) 
1 

+ + 2) 
are bounded by 



kj i P, 



kj (Pk{Bo^jiQ^'^),PkiBo,jiW 



1 



' (/ + !)(/ + 2) 
, and 



+ + 2) 



kj [Pk{Qf*Bo),Pk{Qf*vo) 



_Proo/ We use the estimate §7^) on (ij['l,S'W) and Lemma mU] m M'' with 
n = to get 



\k,uo,,HH^\si'^)\<\\uo\U,p-^°^' 



(2^ + 1)2 



|fc| 



-/3(|fc'| + |/c-/c'|) 



- (2^ + 1)2 m\ ' ' 



-P(\k'\+\k-k'\) 



(l + |/c'|)7(l + |/c-fc'|)7 



Q2i(/3|fc'|)dfc'j 

i/3/fc'rdfc' 
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- (2Z + imi+|fc|)^ (™ + 2)Q„+2(/^|/c|) 

- (2/ + l)/3'^(l + |fc|)7 (^ + 2)Q2<+2(/3|fc|). 

The first part of tlie lemma now follows noting ^21+1)^+1) — ^ I > I. For 
the other four terms, we use the estimate §EI on and Lemma HTU] 

in M'^ with n ~ 0. Hence, the proof is the same as that given above with Aq 
in place of Aq and Dq in place of Dq. 

Lemma 78 Suppose {HV-^\ S^^-^^) satisfies and {W^^-^\qV-^^) sat- 
isfies i68\) for I > 2. Then both 



1 



1(1 + 1) 

are bounded by 



and 



9C7nAoD'-h-mQ2i{\pk\) 



2^ll(^i,0i)ll7,/3- 2/3'i(2Z + 1)2(1 + |fc|)7 



Similarly, 
1 



1 



1(1 + 1) 
are bounded by 



k, (Pfe(f)i,,sw['-ii),Pfc(i)i,,sg['-ii)) 



1(1 + 1) 

and 



% {Pk (wf- '1 ivi ) , Pk (wf-^^ * Bi )) 

^ k, (Pk(Q^I-'hB,),Pk(Q^j-'hv,) 



1(1 + 1) 



2''\\(vuB,)\\^,p 



9C77rAoDl,-'e-^\'^\Q2i(\f3k\) 
2/3'i(2Z + 1)2(1 + |fc|)7 ■ 



The proof is the same as that for Lemma [77] with I replaces by / — 1 and 
(uo,0o) replaced by (ui,0i) or (vo,Bq) replaced by (vi,Bi). 

Lemma 79 Let I > 3. Suppose (hV^\sV^^) and (Tfl'^i-'il, ^I'-i^'il) sat- 
isfy ^ and (W^['il,Q['il) and {W^'-^-'^\QV-i-h]) g^tisfy ^ for h = 
1, . . . , Z — 2. Then 



(l + l)(l + 2) 
is bounded by 



ii=i 



2''+^CjAlD'^-\l + \k\)- 



-m\ Q2i(m) 
/3''(2; + 3)2 
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Similarly, both 



+ + 2) 

and 



+ + 2) 
are hounded by 



'1-2 

E 

ii=i 



l~2 



hl{l-l-h)l 
l\ 



ii=i 



2-+3C.i^l)^-i(l + |fc|)--e-^l'^-|^|ffl)_. 



-i-ii] 



Proof The proof is similar to that in [5^ with M^I'^] replaced by (W^I'"', Qt'"'). 
If Z > 3 then I2 = I — h — \ > Q for li = 1, — 2 and we apply Lemma 
in giving, 



< 



1^^^^- ^^"^ ^1 ^ /!(2?i + 1)2(2^2 + 1)2' 



Thus, 
1-2 



"^(l''l+l"-"'l)(l + |fc'|)-^(l + |fc-fc'|)-^Q2/i(/3|fc'|)Q2i.(/3|fc-fc'|)dfc' 
^ C7?i»2!i§^^-^ 7r2^e-/^l^-|(2^-l)(20(2^ + l) ^^^^^^^^^^^ 



;!(2;i + 1)2(2^2 + 1)2 



iP'^{l + \k\Y 



E 



;i!Z2! 



/!(/ + l)(/ + 2) 



fc,vK/^i*(w^['^i,g['^i) 



< 



C7Agi)^~V2T+ie-^l'--|(2/ - 1)(2^ + 1) 
3/3'i(; + l)(Z + 2)(l + |A:|)7 



!-2 



Q2/(/3|A;|) 5^ 



/i!/2! 



(/-l)!(2/i + 1)2(2^2 + 1)2 



After noting that jf^^ < 1, ^ 4, and 



< 



i-2 ^ 

E ((2Zi + 1)2(2^2 + 1)2 " {21 + 3)2 ' 

where C = 1.0755- • • < 3, the second inequality is proved. The others are 
done in the same manner. 

Lemma 710 For I = 2 we have, 

,e-^l'=lQ4(/3|fc|) (6AoDoAh , 2^9C7^AoZ?o||(wo, eo)|l7,/3 



|(ij[2]^^[2])| <: 



52(1+ |fc|)T 



/32 
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+A^Doa+^\\(ui,0 



Uwm nm ^ e'^'"Q4(/?|fc|) ( 6A0D0M2 2'^+^9CjttM3AoDo\\{v,,Bo)\\^,^ 



+Af3^||(z)i,Bi 
Thus, (i/[2]^5'[2]) satisfies and (T^I^] q[2]) g^tisfies ^ for 

A o III""!! '^17ll7,/3 



^o>^^+ ^5 + j;^^ • (74) 



Proof We start from ((6T|) or ((62)) . For the first term we use Lemma[76l For the 
second term, appearing in (j73p the Boussinesq case only, we use our induction 

assumption and < . For the next term, we use Lemma [771 

For the last terms, apply Corollary [55] and use '^■^ < ^^2^)3^^ • 

Proof of Lemma 1741 The base case is proved picking and Dq large 
enough so (US]) , GJ) , dBg) , and (HOI) hold. For general I > 2 suppose , 
satisfies dST]) and (W^I™!, QI™!) satisfies dSS]) for m 1, . . . , L We estimate 
terms on the right of ([55]) . and ([55]) . using Lemma [751 [771 [751 and 

IZlland the fact that Q2i{y) < f /4Q2i+2(j/), to get 



(2; + 3)2(f + |/fc|)7 \^^ + — + IIK,Oo)||.,/3 



2''9C7^(2/ + 3)2 . 22+3C7Ao\ 
'"wi, 01)117,^ + J 



4(/ + 2)(2; + f)2/3'i"^ 1'-i;M7,P 4^ 

^ (l+V|)^(2^ + 3)2 ^-'-^2(/3N) 

and 



^[,+1] ^[,+1] io^^-^g2i+2(/3|fc|) re^o 

(2Z + 3)2(f + |fc|)7 \ 



3M2 



2T+^9C77rJ'o 

2'^+i9C77r(2^ + 3)2 „^. r Ml , 2^+'C7io ' 
"4^ + 2)(2; + 1)2/3^ "^^^'^^^"^'^ + 4^<i 



(^0,5o)||7,/3 



where Dq has been chosen large enough so 



{ 



^2 + — + ll("o,6'o)|l7,/9 + ^ mi,9i)\U,p 
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and Z?o large enough so 



/32 



^'0,^o)|l7,;3 + -7-M ll(«l:^l)ll7,/3 



<Dl 



We also used (2;+i)2(;+2) ^ 1 in the above. Thus, by induction, we have 



(113 and jMl) satisfied for any / > 1. So, is convergent 

for IpI < and is convergent for \p\ < since 

Q2iil3\k\) < 4'e^l'=l/2. By construction of the iteration, {H,S) - {ui,6>i) = 
S'['l)(/c)p' is a solution to (|57|) which is zero at p = 0. Similarly, 

{W,Q)-{vi,B) = E^i(T^''^<9''')(fcy is a solution to ^ which is zero at 
p = 0. However, we know there are unique solutions to (|57l) and (|58p which 
are zero and p = in the space , which includes analytic functions at 
the origin for L sufficiently small. Thus, for {H, S) and {W, Q) the solutions 
guaranteed by Lemma [57] we have, 

C30 

{H, S){k,p) = iu^,0^)ik) + 

OO 

{w,Q){k,p) - (t)i,Bi)(fc) + ^(w^w,g['i)(fcy. 



1=1 



Estimates on dp{H,S){k,p) and dp{W,Q){k,p) 

We now want to develop estimates on d!p{H,S){k,p) and d!p{W,Q){k,p) 
in order to show that the series about any p — pq G M"*" is convergent. We will 
proceed in the same spirit as above. That is to use induction to bound the 
successive derivatives. Our goal is to show that we can analytically extend 
our solutions along with a radius of convergence independent of center po 
along M+. Combining this with the fact that the solutions are exponentially 
bounded will give Borel Summability. 

Definition 711 For I > 1 we define, 

{H^'\S^'^){k,p) = ^dl,{H,S){k,p) 
{H^'\S^'^){k,p)^{H,S){k,p)-{u,,e^) 
{wV\QV])(^k,p) ^ ^dl,{W,Q){k,p) 
= {W,Q)ik,p) - 
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Lemma 712 // ||(uoj 6*0)117+2, /3 < oo and IK^o, So)||-y+2,;3 < oo for and 
/? > 0, then there are constants A, D , A, D > not depending on l,k or p 
such that 

where w' = cj + l and a' = a+1 fortu and a chosen as in Lemma \5l\ We will 
prove the lemma by induction, and as before we will develop several lemmas 
to establish the bound. 



For I = Q,we use Lemma [HI] which says that for lj and a sufficiently large 

\{H,S){k,p)\ < 



2e-/'l'=l+-P||(7ii,6)i)||^,^ 



(1 + |A;|)7 

\{W,Q)ik,p)\ < 



2e-P\>'\+^P\\{v,,B,)\\^,0 



(l+|fc|)7 

We chose oj' = oj + 1 and a' — a + 1 and recall Definition 17111 to get 

and the base cases of ([75]) and (fZS)) are proved for yl = 3||(wi, and 
A = 3\\ivuB^)\\^^p. 

For the general case > 1) we take dp in ([57)) or (1551) and divide by Z!, 
to obtain 

pH^l+{l+2)H^hiy\k\''H^'^ = {-ik,Pk[uo.j*ui+ui,jiuo] ~ '^\k\^ui) Si,o 



-ikjPk 



rHf\-,p-s)imi-,s)ds + Y^^-^^^J-^^ 

-ikjPk[j{ui,j*H^'-^^+Hf''hu,)+Hf*uo+uo,j*H^'^^ 

(78) 

pS'W+(/+2)S'W+/i|fcp5W = (-ifc,[Vj«^i +^ii,,S6)o] -M|fc|'0i)<5z,o 

rHf\,p^s)iS^°\-,s)ds+Y^^-l^^^^^^ 
° ii=i 
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(79) 



and 

MP 



-—Pk 
HP 



^0 1 1 



i-i 



(80) 



-ikjPk[voj*Bi + vijiBo] + ikjPk[Bo^j*vi + Bij*vq] - —\k\'^Bi ) (5/,o 



-ikjPk 



rM/t'l(.,p-s)*QM(.,s)ds+^ 
^0 , _-, 



+ikjPk 



ikjPk[\ivi,jiQ^'-^^ + Wf 'IjBi) + wl'^iBo + woj«Q''1 + Si=iVi,,iBi] 



I 

+ ifc,Pfc[|(BijiVF['-il + gj^'lj^i) + Qfivo + BojiW^'^ + Si^iBi, 



(81) 



Identify the right hand side of these four equations by i?S for m = 1, . . . , 4 
respectively. 

Lemma 713 For any I > and for some absolute constant Cq , if W , "S*!'! ) 
satisfies \75^, {W^^\Q^''^) satisfies (jygp, and both are bounded at p — then 



I' + -Lj ' p'e[o,p] (^( + ij(_t + zj 
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|(Vi/[' + ll,Q['+l])(fc,p)| < 



(/ + !)(? + 2) 



Proof The proof is in [5, under Lemma 4.4. The lemma is dependent only 
on the operator V which is the same in our case. The idea of the proof is as 
follows. We invert the operator on the left of ([75)) with the requirement that 
H is bounded at p = 0, obtaining 

m{k,p)= j\{2\k\^,2\k\^)R^\ky)dp'+2'+\i+i)\^-i±^m 

Jo ^ 

where 

C{z,z')=7:z-'^'+'^ [-Jz+i(z)z'('+i)y,+i(z') + z'('+i)j,+i(^')i1+iW 
Then, we take a derivative with respect to p yielding 



{i+i)m^\k,p)^ 



VP 



£,(2|A:|V^,2|A:|y^)/Z«(fc,pOdp'-2'+'a+l)!|fcp^^^^i?W(fc,0) 



Using properties of Bessel functions, it is know that 



)i+2 



Jl+2{z) 



< 



1 



and that 



r -\c,{z,z')\dz' < 

Jo z 



1 + 2 
C 



(/ + 1)2/3' 

where the constant is independent of I. Thus, after a change of variables, 

c , mH{k,o)\ 



{i + i)\m^+'\k,p)\< sup 



and the claim follows. 
Lemma 714 Sup 

k, (Pfe(tio,,*i?W),uo,,i^^'l) 



1 + 2 



and 



are bounded by 



Similarly, 



kj { Pfc 



'fc(Bo,j*5W),Pfc(Bo,,*M^"'))|, and |fc, [PkiOf^Bo), PkiOfivo)) 
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are bounded by 



We also have 



(2; + l)(l+p2)(i + |fc|)7' 

'Pe-mAD' Q2i{\(3k\) 



(l+p2)(l + |fc|)7 (2Z + 1)2 • 
In the above, Ci — Ci{d) is defined in Lemma \913[ 

Proof For the first inequality, we use (|75p and then apply Lemma 19131 to get 



(lV)e-"'P|fc,uojS(i?['l,5['l)| < ||uolk,0 



i2i + iy 



:\k\ 



-P{\k'\ + \k-k'\) 



The other inequalities are similar except for the last which is simply the 
statement of the assumed bound. 

Lemma 715 Suppose satisfies ^ and (W^['l,g['l) satisfies ^ 

for I > I. Then both 



are bounded by 







and 





i2/3Ar)l~-l-fl\k\+uj'p 



'Z(2Z-l)(l+p2)(i + |A:|)7- 



Similarly, 
k 



are bounded by 



and 



'f{PkiQ^;~'hB,),p,iQl'hv,)) 



72/34 f)/-l -/3|fc|+Q'p 

The proof is the same as Lemma [7141 with / — 1 replacing I, (ui, 6*1) replacing 
{uo,0o), and (t)i,Pi) replacing {vo,Bo). 
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Lemma 716 Suppose (ijW,S'W) satisfies ^ and satisfies 
for I > \. Then 



is bounded by 



^(p.(7?J'-^l(,0)S7?["l(-,p)),i?r^k-,0)S5M(.,p)) 

(Z + l)2/3^2^i-lg-/3|fc|+«'i 



Ci- 



We also have 
k 

and 



bounded by 



;(2/-l)(l + |fc|)7(l+p2) 

(Pfe(w^''"'i(^o)*il^[oi(-,p)),Pfc(w,['-^i(-,o)«gm(-,p)) 



UQr''(-,0)SQ[ol(.,p)),F,(Qj-^l(.,0)*M^M(.,p))) 

(/ + l)2/3i2£,;-lg-/3|fc|+a'p 



Cr 



;(2/-l)(l+|fc|)7(l+p2) 



Proof We give the proof of one of the magnetic Benard cases the others are 
similar. Using ([75]) with p — Q and ([77)) with A = 3||(z)i,i3i)||-y_^ along with 
Lemma [9131 we get 



(l+p2)e-">| ^[W^['-il(,0)S(l^[°l,Q[°l)(.,p)] I 



< -\k\ 



-f}{\k'\ + \k-k'\) 



■jr-Q2l-2mk'\)dk' 



Z(2/-l)2' 7,,^^. (l + |A;'|)7(l + |fc-fc'|)7 
72/3 22/);-! -/^|fc| 

From this the lemma follows after noting (1 + Z)^/'^ > and using Lemma 

ESI 

Lemma 717 Suppose (iji'il, S'I'il) anrf (ijl'-'i-^l , S'l'-'i-^l) satisfies ^ 
and (VK['i1,Q['i1) and (W^I'-'i-il , Ql'-'i-il) saiis/?es ([7§) /or = 1, . . . , ? - 2 
where I > 2. Then for Cs — 82 and C7 = Ci{d) given in Lemma \ 91Sl we 
have 



1-2 



h\ii-h-i)i 



n 



p,(iifi(.,o)Si?['-'^-ii(.,p)),i?]'^i(.,o)*^['-'-ii(.,p)) 



is bounded by 



CsC72''ttA^D 



2 



3/3'i(l+p2)(i + |fc|)7 (2^ + 3)2 ■ 
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Both 



1-2 



h\{i-h-iy. 



and 



hiji-h-iy. 
n 



^/c(Q''^k^o)ig['-'^-ii(-,p)),Pfc(Q['^i(-,o)*w^['-'^-ii(.,p)) 



are bounded by 



3/3''(l+p2)(l + |fc|)7 (2^ + 3)2 ■ 



The proof is the same as in [S] the only difference is a change in the constants 
arising when Lemma [9121 in or is appUed. 

Lemma 718 Suppose {H^'\S^'^) satisfies ^ and (W^W,QW) satisfies ^ 
for I > 0. Then 



k, r [Pk{Hf\-,p- s)*m{-,s)),Hf\-,p~ s)*S^''\-,s)) 



ds 



(•/ + 1^2/3 -/3|fc|+a;'p 



(2Z + l)(l + |A:|)7(l+p2) 



Q2/+2(/?|fc|). 



Similarly, 
rP 



are bounded by 



Pk{wf\-,p-s)iW^^\-,s)),Pk{w]'\-,p^s)iQ^''\-,s))) 
r {Pk{Qf{;P^ s)*Qi"\;s)),Pk{Qf{;p- s))) 



and 
ds 



~ ~, a + 1)2/3 -/3|fe|+Q'p 



(2; + l)(l + |A:|)7(l+p2) 
In the above, Mq, defined in Lemma\5^ is such that 



{l + {p-sY){l + s^) 



ds < 



Mo 

1 +p2 



Proof Using (j76p for the first inequahty and Lemma 19131 and Lemma [SH] for 
the second, we have 



Pi 



%{wj\-,p-s)iQ^''^{-,s)),P,{wj'\-,p~s)*W^"\-,s))) 



ds 



< 
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A'^& /-P r ^-P\k'\ + \k-k'\^a'{p~s)+a's 

'"(^io L.^ HHP- smi + + w\ni + \k - k'lr 

The rest are computed in the same way. 
Lemma 719 We have 



- (r+ifci)7 ii(^o,0o)ik/^ii(ai,0i)ik^ 



fcj (^-Pfe(wij*Ml),'«lj*6>l) 

Similarly, we have 

kj {Pk{v(),j*vi),Pk{vo,]*Bi)^ +kj (^Pk{vij*vo), Pkivij^Bo)^ and 
fc, (^Pk{Bo,j*Bi),Pk{Bo,j*vi)) + kj (^Pk{Bi,,iBo),Pk{Bi.jivo)) 

bounded by 

-p-q^^iy^ 1 1 (wo , So ) 1 1 1 1 (wi , Bl ) 1 1 ^ ,^ . 

Finally, we have 

kj (^Pk{vi,jivi), PkivijiBi)^ and fc^ (^Pk{BijiBi), PkiBi,j*vi)^ 
bounded by 

(l + |fc|)7(l+p2) 25AP IK«i'«i)ll7,/3- 

Proof The first two claims follow directly from Corollary [52] and Lemma [SI 
The last uses the additional fact that 

4Q4(/3|fc|)Co 32/3|fc|Co ^ ^ , 
25j3 -^5^-^""^"- 

Thus, 

(l + |fc|)7 IK^i'^i)IU < (i + |fc|)7(l+p2) 25^/3 
and the last claim follows. 
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Lemma 720 For the case I — 1, we have 



pa'pp—P\k\ A f) 

l(H--l-lqW)(^.rtl< (.^^,,(.^|,|,, fe(W). 



where 

^\\{u,,Oo)\U^^\\{v,,0^)\\,,p + M,^ 

aA 

T 



A^>C6( ^||(uo,0o)|l7,/^ll(i'i,e)i)||^,^j + Mi — ||(ui,6)i)||^,^ 

+CiMoA^ +2CiA\\iuo,dQ)\\^,p + " 
AD >Ce ( ^^^\\{vo,Bo)\UMii,Bi)\U,0 + ^\\{vuBi)\U,f) 



Proof Lemma [7131 with I = tells us that 

<C6 sup 

p'e[o,p] 

|(iyW,QW)(A:,p)| <C6 sup \{Rf\ Rf){k,p')\ 
p'e[o,p] 

since (i/[ol,S'[ol)(fc,0) = and (M^M, Q[o1)(/c, 0) = 0. In both cases, we use 
Lemma |714l Lemma |7181 and Lemma 17191 to bound the terms appearing in 
RmS- The terms are kept in the same order as they appear in i?mS as much 
as possible to help with organization. 

|i.|2g-0|fc| ^ ^P\k\+ui'p 

/lp-0|fc|+i^'p p'-''Pp-/3|fc| ^ 

+ 2Ci||(^o,eo)|lx/37^^T7^^n^22(|/3A:|)+a- ^ 



(l+p2)(l + |fc|)7^^^'- (l+p2)(l + |A;|)7 

and 

|fc|2e-/3|fe| . . -/3|fc|+a'p 

/ie-z^lfcl+a'p 

+ 4CiAf3||(^o,i3o)||../3^^^^5y^^-^^Q2(|/3fc|). 
The lemma now follows since 4|fc| < and jfep < 
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Proof of Lemma l712I Lemma [720l and (l77)) prove the base case. Suppose, 
for the purpose of induction, that for Z > 1 ((75|1 and (j76p hold. Then by 

Lemma 17131 we need only prove a bound for | (Rf^ , i?2 ' ) | and | {r!§ , ) | 
whose terms we bounded in the previous lemmas. 

'("^1 '"^^ + 3)^(1 + 1 WTY) 

CiA{l + 1)^^21 + if CsC72^7tAI Cil^/^\\{ui,ei)\\^^p{2l + '3)^ 



4/(2/ -1) 12/3'* 2/(2/ -1) 

r.,,/^ Am, (^ + 1)'/^(2/ + 3)2 Co,,,. A ,,,2 ai^(2/ + 3)2 

+2C,D\\iuo,eo)\\,y- '-^^ ^ +25<5,,i — ||(«i,0i)||2_^ + ^^^^ ^ 

and 

I, AW ^ i^'-ie-^l^-l+^'P ,o|,|J,, / 2CiMoi^(/ + 1)^/3(2/ + 3)^ 
'^^3 '^4 )l ^(2/ + 3P(l+p2)(i + |fc|),22'+2(/3|fc|) |M3 

2Cii(/ + l)^/-''(2/ + 3)^ 2CsC72'1ttAI CiP^^\\ivi,Bi)\\^^f}{2l + 3)^ 
^ 4/(2/ - 1) ^ 12^5^ ^ /(2/- 1) 

+4Ci J||(t)o,i?o)||../^ ^^^7+^/ + 25S,,^\\ivuB^)\\l,^ } . 

We also note that as {hV\ S^^) satisfies ([75]) and (W^W,QW) satisfies 1^, 



(/ + 1)(/ + 2) - (/ + 1)(/ + 2)(1 + |fc|)T(2/ + 1)2 

- (2/ + 3)2(l+p2)(i + |fc|)7^2/+2(/:^| D-g. 

and 



|fc|2|(#W,QW)(fc,0)| ^ i^'e-/^|fe|+"'P _^ 

(/ + l)(/ + 2) - (2/ + 3)2(l+p2)(l + |fc|)7^2;+2lP| U^2. 

Here, we used the following two facts 

y'Q2iiy) ^ ^ , . . (2/ + 2)(2/ + 3)2 

< Q2i+2[y) and < 6. 



(2/ + 2)(2/ + 1) - (I + + 2)(2/ + 1) 

Thus, for D and I? chosen, independently of /, fc, and p, large enough so 

>C6 



rciM) 



^13(2/ + 3)2 CiA(2/ + 3)2 CsC72^nAl 
1)(2/ + 1) ^ 4(/ + l)/(2/ - 1) ^ 12/3''(/ + 1)5/3 



C,||(.„0,)lk.(2/ + 3)2 ((2/ + 3)^ 



2(/ + 1)5/3/1/3(2/ - 1) ' '^^"^•''(/ + 1)(2/ + 1) 

C'o A M,2 ai:i(2/ + 3)2 ^ , 6i:> 

25^.i^llK,^5,)||^,, + ,(,^;)a/3(2/Vl) > + ^^^^ 
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~ 2 2CiMoAD{2l + Zf CiA{2l + if CsCj2-'7rAl 

- ^ (? + l)(2/ + l) 2(; + 1);(2Z - 1) 12/3'i(; + 1)5/3 



(/ + 1)5/3/1/3(2/ _1) ' "^"^•'^(/ + 1)(2/ + 1) 



5]) and ([75)1 hold and the lemma is proved. 
As S2i(/3|fc|) <4'el^'=l/2, 



{H, S){k,p;po) = Y.(m,Sm){k,po){p - poY (82) 

oo 

(W^, Q)(fc,p;po) = ^(W^I'l, QW)(A:,po)(p - Po)' 



are convergent for |p — po I < jj^ ( or respectively |p — _po I < 4W) where D 
is independent of pq. Moreover, the following lemma proved in [5] says that 
these series are indeed local representations of the solution {H, S){k,p) or 
respectively {W,Q){k,p). 

Lemma 721 The unique solution to |57| ) satisfying (H , S){k,0) — guar- 
anteed in Lemma has a local representation given by (H , S){k,p;po) for 
Po £ M^. So, the solution is analytic on U {0}. Similarly, the unique so- 
lution to 158\) satisfying {W,Q){k,0) — again guaranteed in Lemma \57\ has 
a local representation given by {W,Q){k,p;po) for pq G M+ and is therefor 
analytic on U {0}. 

Proof The proof is in . 

Proof of Theorem 1231 i) We prove the Boussinesq case. The MHD case 
is the same with the obvious changes. Using Lemma 17121 and the fact that 
||<?||l°° < IIsIIli we know that 



\{Hm,sV^){x,po)\ < 
\D{Hm,sV^){x,po)\ < 
\D\hV\sV^){x,po)\ < 



B7rA(4B)'e"Po 



/3(2/ + 1)2(1 




87rA(4B)'e 




/3(2/ + 1)2(1 


+ pI) 







/?2(2/ + 1)2(1 +p2) 



and the series (|5^ converges for |p — po| < jg- By Lemma [7211 the series 
is the local representation of the solution guaranteed to exist by Lemma [57] 
which is zero at p = 0. Combining this with the facts that the solution is 
analytic in a neighborhood of zero and exponentially bounded for large p, 
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recall (iJ, 5* G A'^), implies Borel Summability in 1/t. Watson's Lemma then 
implies as t 0+ 

oo 
■m—1 

where \ {um, 6',„)(x)| < ml^o^o" with constants Aq and Dq generally depen- 
dent on the initial condition and forcing through Lemma 1741 



8 Extension of existence time 

We have shown by Theorem [^I] and Theorem [55] that there is a unique 
solution to ([55)) and ([551) within the class of locally integrable functions, 
which are exponentially bounded in p, uniformly in x. Further, the solutions 
{H, S){k,p) and {W,Q){k,p) generate, in each case, a smooth solution to 
the Boussinesq and magnetic Benard equation for t S [0,a;~^) where w is 
the exponential growth rate of the integral equation ([55)) or respectively, for 
t G [0,a~^) where a is the exponential growth rate of the integral equation 
([55)) . By Theorem [531 i) , we know that the solution is Borel Summable. The 
question of global existence in either problem can then be reduced to a ques- 
tion of exponential growth for the integral equation solution. If {H, S){k,p) 
or {W, Q){k,p) grow subexponentially, then global existence will follow. The 
exponential growth rate w or a previously found is suboptimal and ignores 
possible cancellations in the integrals. If we improve the estimates, we get 
a longer interval of existence. One example of improvement is given in the 
second part of Theorem [531 in th^ special case when the initial condition and 
forcing have a finite number of Fourier modes, then the radius of convergence 
in the Borel plane is independent of the size of initial data and forcing. We 
then prove Theorem [M] which says that based on detailed knowledge of the 
solution to the integral equation in [0,po) given either by the power series at 
p = or by numerical calculation, if the solution is small for p towards the 
right of this interval then uj or a can be shown to be small. 



8.1 Improved Radius of Convergence 

When the initial data and forcing are analytic Borel summability given in 
Theorem 1231 implies that 

m=l ^ ' m=0 

(83) 

oo m — 1 °° m 

^-^ TO — 1 ! ^ — ' to! 

m=l ^ ' m=0 

has a finite radius of convergence depending on the size of the initial data 
and forcing. However, in the special case when the initial data and forcing 



Borel Summability of Boussinesq and MHD Equations 



45 



have only a finite number of Fourier modes the radius of convergence is in 
fact independent of the size of the initial data or /. The argument allows 
forcing to be time dependent. 

Proof of Theorem 1231 ii) We show the Boussinesq case the other begin 
similar. For small time 

oo 

(u, 0){x, t) = (u™, 6)[*'l)(a;) + ^ (^["1 , 

m— 1 

oo 

/(fc,t) = /[°i + X]/'™'(fcr\ 



m=l 



where by ([5]) for m > 
1 



m+l 



m + 1 



1 



m+l 



(84) 



Suppose the initial data and forcing have a finite number of Fourier modes. 
Let Ki = max(supfcg^„pp(^[o] 6,[oi) supj^g^„pp(^-) |fc|). Then by induction on 
k we have supj.g^„pp(^[„] g,(„]) |/c| < (to + l)Ki. Taking the || • W^.p norm of 
both sides of ([M)) with respect to k and writing 



we obtain 



1 



m+l 



6„, + max(z.,/i) jfepK^il™], ©H)! 
+ ^ |||fc||uW|S|(M["-'l,6i["-'l)| 



<- 



1 



<- 



m+l 



bm + max(j/, ^)Kl{'m + l)^a„i + KiCo{m + 2) ^ aiUm-i + aa„ 



'm + l TO- + 
Now, consider the formal power series 



- + Kf max(z^, ^){m + l)am + Sii'iCo a;a. 



1=0 



yo 



where 



(85) 
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flm+i = — H — + max(i^, /i)(m + l)a,„ + 2KiCq aiam-i- 

m + 1 m + 1 

1=0 

Clearly, a™ < a™, so yoit) majorizes 6')(-, t)| |^^^. If we multiply both 
sides of (l85t by t'" and sum over m, then 



C30 cx: , ,^ oo 

^-^ ^-^ m + 1 

m— m— m— 



oo m 



m=0 ;=o 

In other words, yo(t) is a formal power series solution to 

-{y-ao)=w + ^ / ?/(T)dT + i^T^ max{iy, ii){ty)' + 2KiCoy'^, 
t ^ Jo 

where w{t) = J2m=o m+T*™- With the change of variables s — l/t, we have 

-K'^ max(i/, fi)y' + 2KiCos~^y'^ + [Kf max(i/, ^l)s~^ - l)y 

+ {s^^w + do) + as / y{T)dT = 0. 



Jo 

A singularity of B(y(s)) in the Borel plane exhibits itself as an exponential 
small correction to yo. So, we let y = yo + S and construct the equation for 
<5: 

~Kf max(i/, n)S' + 2KiCos-\S^ + 2yaS) + {K^ max(i/, fi)s-'^ - l)S 

+ as S{T)dT = 0. 
Jo 

If we assume 5 is exponentially small, then to leading order the equation is 

- max(z/, /Lt)(5' + [{AKiCos^^do + [Kf max(i/, /z))s"^ - l] J = 0, 
which yields 

J ^ g— max(i/,/^)~^s j^4aoCo-^^^ max(i/,/j)~^+l 

So, the radius of convergence of B{y) is at least Xj"^ max(i^, which is 
independent of the size of initial data as claimed. As y majorizes our solution 
{u,0){k,t) the radius of convergence of ([83]) is independent of the size of 
initial data or forcing as well. 
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8.2 Improved growth estimates based on knowledge of the solution to [23] in 

Let (H, S)(k,p) be the solution to [53] provided by Theorem \T[\ Define 

iH,S)^'^\Kp) = '^'P^^ ^ (86) 

I otherwise 

and 

min(p,po) 



where 

are known functions depending on {H , SY'^^ {k,p). Using these definitions, 
we introduce the following functionals dependent on the initial condition, 
forcing, and {H,SY"-\ Further, for any chosen ujq > 0, define 



b^ojo e--°P\\{H,SY^\;p)\U.j^dp (87) 

ei=Bi+Bi+ / e-^°^B2{p)dp, (88) 
Jo 



where 



6o(fc) = Co sup \g{z,z')/zl 6i =2 sup |A:|So(A:)||(Mo,eo)IU, 

po<p'<p fceR'' 

B2 = 2 sup \k\Bo{k)\\{H,Si'^\-,p)\\N. Bs = sup \k\Bo{k), B4 = a sup Bo{k). 

Now, let {H, SY''^ = {H, S) - {H, S^^K It is convenient to write the integral 
equation for {H, SY''^ for p> po, 

H^'KKp) = T^ri^ I" Q{z,z'){ik, Gf'^''\k,p') + Pu[e2s'^'\k,p' )])dp' 

Po 

(89) 

+ H^''Hk,p) 
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where 

We also define 

R^'\k,p)^ik,{Gf,Gf)^''\k,p) + aPk[e2S^''\k,p)]. (90) 
Proof of Theorem [24] Wc note that 

|i?W(fc,p)|< (|fc| [KI*|(^,^)(''| + |i?('')|*|("o,©o)| + 2|(7?,^)(")|:|(77,^)W| 
where | • | is the usual euclidean norm. Let V-'(p) = 'S')*-^''('iP)ll7,0- Then 



^±J^i^,k,{Gft\k^p) + aP,[e,S(^\k^^^^^^^ 



< Boik)- 



|fc| [WMMip) + ^b)ll(^o, Oo)\U^p + 2\\{H, SY'^^lU^p * + ^b) * V'(P)] + a^Kp)) (Kp) 

= {Blip + B2*iJj + B3^*ip + Bi^) (p). 

Taking the (7, (3) norm in k on both sides of (|89|) and multiplying by e""^ 
for > Wo > and integrating from po to M gives 

Lpa,M-^ e-^Pi;{p)dp< e-^P {Bi^P + B2 * + B^^J * + B^i;) {p')dp'dp 

Jpo Jpo Jpo 

M pM pp' 

e-'^Pi,^'\p)dp < / / e-'^^P-P'^e-'^P' {Bii! + B2*iJ + Bzij*ij + Biij){p')dpdp' 

Po Jpo Jpo 

pM -, pM 

+ / e-^Pi/;'") {p)dp < - / e~'^P' {Bi^j + 62 * ^ + * + ^4^) {p')dp' 

Jpo ^ Jpo 

pM 

+ / e-^Pi;^''>{p)dp, 

Jpo 

where V'*'*'' = WiH, SY'^^-,p)\\jj3. Recalling that ^ = on [0,po], we note 
that for any u 

M pM pp 

e-'^P{ip*u){p)dp^ / / e-'^P^p{s)u{p- s)dsdp 

Po Jpo Jpo 

M pM-s 

ip{s)e-'^' / e-'^Pu{p)dpds. 

Po Jo 
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Using this, we obtain 



^po,M < - < (^1 



M-pn 



For 



ei < w and (ei - w)^ > 4B36, 
we get an estimate for Lp^^M that is independent of M. Namely, 

1 



L 



■po,M 



< 



26, 



So, \\{H, S){-,p)\\^^j3 G L^{e '^Pdp), and the solution to the Boussinesq 
exists for t £ {0,u}~^) for uj sufficiently large so that 

w > Wq and a; > ei + 2\/ B^b. 

Equivalently, we could choose our original large enough so that ujq > 
t\ + 2-^^36. This completes the proof of Theorem [Ml 



9 Appendix 

Lemma 91 The kernel Q{z, z') given by 

g{z,z') = z'{~Ji{z)Yi{z')+Yi{z)Ji{z')), where z = 2|fc|7I^and z' = 2\k\y^ 
satisfies jQ{z,z') = 'H^''\p,p' ,k) with 

n'-''\p,p\k)^ T~^exp[-iy\k\\-\l- s) + {p-p's-')T]dT\ 



I rpjp 



_P_ 

V Ji 



F{v)ds, 



where 



V = u\k\^p [l - ^ j (^1 - i j , Firj) = ^J'^ C'e^-^'~'dC 

and C is the contour starting and ooe~'^' turning around the origin in coun- 
terclockwise direction and ending at ooe'^^ . 
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Proof. We will show that n^''^p,p', k) solves {pdpp + 2dp + v\k\^)'H^''''> = for 



Q <p' <p with the condition that U^^^p^p' , fc) ^ and 'H''p\p,p\ k) ^ ^ 
as p' approaches p from below. 

In the appendix of [8], it is shown that F is entire, F(0) — 1, and F satis- 
fies riF"{r])+F'{r])+F{r]) = 0. We will use these facts as given. As F is contin- 
uous and the interval of integration shrinks to length zero, n^''^p,p',k) 
as p' tends to p from below. For p > p', 'H.'^^^ is twice differentiable in p as F 
is twice continuously differentiable. Moreover, we have 



p 



n^-){p^p\k) = --n^''\p,p' ,k) + -F{Q) + ^ [" F'irAs, 
^ P P P Ji dp 

(p^M)^ = -H^"-) +F'(0):.|fcp(l - ^) +P'J'^' F"irj) (^^) ds, 

where the second equality uses that ^ = z^j/cp (l — 7) is p independent. 

Thus, as F(0) = 1, we have 'H^\p^p' ^k) — > i as p' tends to p from below. 
We notice that 

? = H^P fl - - V HfcP^^^^, and 

dp \ s J p — sp' as p ps 

dr]\^ rjv\k\^ / p' — p \ riv\k\^ rjs drj Tyi/jfcp h'\k\'^ {s — 1) dr] 



dp J p \ s(jj — sp') J p p{p — sp') ds p p ds 

So, integrating by parts and using -qF" {ri) + F'{rii) + — 0, we have 

Ji ds p 



Jl P Jl 



In other words, p'Hp'^p + 2'Hp^^ + iy\k\'^'H^'^^ — 0, and the Lemma is proved. 
Lemma 92 We also have the representation in terms of Bessel functions 

Proof Notice that by contour deformation the integral of ^^^2 is zero. Factor- 
ing out \k\y/vp in the exponent and using the change of variables j^y^ ~> 
we have 

Hfcp = ^ 1.. 
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27ri Jc~too \k\^/vp 

Fourier Inequalities in two dimensions 

In the appendix of [5] , Fourier inequalities are developed in . We present 
the counterparts to those inequalities in here. Where a Lemma is refer- 
enced from this section, we use either the version or K"^ version as appro- 
priate for our two problems. The basic idea is that in 2-d Lemma 1991 below 
differs by a constant from 3-d case. All other lemmas are basically the same 
for or M?" once the change in Lemma [Ml is taken into account. 

Definition 93 Define the polynomial 

Remark 94 Integration by parts gives 

e-WdT = -e-'Pn{z) + n\. 



Lemma 95 For all y > and nonnegative integers m, n we have 



„1 n 
-'0 . n 



(m + j + iy: 



Proof Integration by parts gives 



m!j! 



{m + j + 1)!' 



The result now follows by a direct calculation using the definition of P„ given 
by Definition l93l 

Lemma 96 For all y > and integers n > m > 0, we have 

/oo j 
e-^v[P-i)pmp^^y^p _ 1))^^ < 2— + ri)\ ^ ^. 
i=o ^' 

Proof This again follows from direct calculation and is the same as in [5]. 
Lemma 97 For all y > and integers n > m > 0, we have 



Proof. This is a combination of the previous two lemmas after splitting the 
integral at 1. 
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Proposition 98 Let n be an integer no less than and r > and p > 
fixed. Then 



2tt 



^P-'-^^'^lp-re'^l'^de < 6TTe-\p-''\Pn{\r- p\). 



Proof Let f{0) = e^l''-''^"'! |p-re*^|". Then notice that f'{e) = g-l''-'''^"'! |p- 
re*^|"~^prsin(6')(— |p — re'^l +n). We want to maximize f{9), so we split into 
two cases. 

Case 1. Suppose r < p — n or r > p + n. As \p — re'^j > n, f{6) reaches its 
maximum at 61 = 0. Thus, |/(6')| < e"!''-''! |p - r|" < e^l^'^'^lp^dp - r|). If 
n = Q this is the only case to consider. For n > 1 we have a second case. 
Case 2. Suppose p — n < r < p + n. Now, f(9) is maximized for 9 such 
that \p — re'^l = n. Hence, \f{9)\ < e~"n". Now, we use the fact that for 
re (p — n, p + n) 



e 



\p-r\ < V IP-^P , e" ^ Pn{\p-r\) e" 

jl (n+1)! nl (n+1)! 

j=Q J \ ) \ / 



So, 

1/(0)1 < e-n- < e-l-H ( "^"^'^ " J^^'""" + < Se-I-Hp^d^.,!), 

where the last inequality uses e~"n" < n! and ^^^"j^-^^, < < 2P„(|p — r\). 

Putting these two cases together bounds the integrand by 3e^l''^'''lp,i(|p — r|) 
and the proposition follows. 

Lemma 99 If m and n are integers no less than —1, then 

\q\ [ el^l-l^'l-l'-^'IkTk-'Zrdg' < C7(dV(m+l)!(n+l)!Q„+„+3(k|), 
Jq'em.'' 

where C7(2) = 18 and CjiS) = 2. 

Proof We note that we may assume without loss of generality that m < n 
since a change of variables q' ^ q ~ q' switches the roles of m and n. Write 
q = pe^'^, q' = re^^ and 9 = ip — cj). Let I be the integral on the left hand side. 
Then switching to polar coordinates gives 

CO /'27r 

p-r-lp-re'"! mi 



I = p / e''-'-l''-'^'= Ir'"|p-re*n"rdrd6'. 
Jo Jo 

For n > 0, using Proposition IMl above gives, 

I<6ttp / e''-V™+V-re*^l"el''-''lF„(|p-r|)dr. 

^0 

Now, we let P — ^- Then dp = ^ and —\p — r\ — —p{p — l)sgn{p ~ 1), so 

/"OO 
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Applying Lemma |97] with m = m + 1 and n — n gives 

/ < 67Tp{m + l)!n!Q„,+„+2(p) < 18^(m + l)!(n + l)!Q„+„+3(p), 
where the last inequality follows as m < n, so 

^ ^ j! " ^ (7-1)! 

< Qm+n+3(p)(™ + n + 3) < 3(n + l)Qm+„+3(p)- 

For n = m = — 1, we use a slightly different approach. Assuming q is not 
zero, we split the integral over two regions, a ball of radius 3|g|/2 centered at 
zero and its compliment. For the compliment region we have I? — > 191/2, 
so 

U| / gkl-k'l-k-?'! I fiq' 

J\q'\>3\q\/2 

/•27r poo 

< 2el'?l/2 / / e-^'drde = 47re-l9l < An. 

Jo J3\q\/2 

For the interior region we have 

\q\ 1 gkl-k'|-|?-?'l I dq' <\q\ [ - dq' 

J\q'\<3\q\/2 J\q'\<3\q\/2\<l'\\<l-(l'\ 

We now note that J|^/|<3|q|/2 \q'\\q-q'\ '^'i' bounded. Without trying to be 
precise we can bound the integral by 137r by spitting the region into two disks 
of radius \q\/2 centered at and q and the compliment, call the compliment 
D. We have 

r I 2 f 1 

J\q'\<\q\/2 I? - 9 I m J\q'\<\q\/2 \l \ 

Similarly, 

^ -ndq' < 2n. 



J 

.J\q' 



-q\<\q\/2 W\k-1' 

Finally, 

1 

Id - 11 \<1\- Jd lir J\q'\<3\q\/2 

Thus, 



YTT, jrdq' dq' <— dq' < Ott. 

\q'\\q-q'\ J d \<ir Jw\<3\n\/2 



r\i\-W\-\i-i'\ 1 
\q\ J \q'\\q-q'\ '^'^' " ^^'"'^1 + " ^^^''^1 + " 18Ql(kl) 

for all nonzero q. Hence, the lemma is proved with Cr{2) — 18. 
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Lemma 910 For any 7 > 1 and nonnegative integers m and n, we have 

- V(l + |fc|)7 + + 2)Q,„+„+2(/3|fc|). 

Proof The proof is exactly as in [5] using our new bound in Lemma 1991 The 
idea is to split into two regions \k'\ < \k\/2 and its compliment. In the ball, 
we have 



(1 + |fc - k'\)-r{l + |fc'|)7 - (1 + \k\/2)'r\pk'\' 
and we use Lemma [M] with m replaced by m — 1. In the compliment, we have 



(1 + |fc - k'D^l + |fc'|)7 - (1 + |fc|/2)7|/3(fc -k')\' 
and we use Lemma [55] with n replaced by rt — 1. 
Lemma 911 For any 7 > 2 and rt G N — 0, we have 

Proof We again break into two integrals J|fc/|<|;;|/2 "I" i|fc'|>|fc|/2' -'^^ outer 
region, we have (1 + < 2'''(1 + |fc|)~''', and in the inner, we have 

(l + |A:-fc'|)-^ < 2''(l + |fc|)-^. We use this and 7 > 2 for the first inequality 
and Lemma inSl for the second to get a bound for the outer region 



|fc| 



-f}(\k'\+\k-k'\) 



In the inner region, we also use (1 + < (|fc'|)^^+^/'^, a change to polar 

coordinates as in the proof of Lemma 1991 and integration by parts to get 

r i3(\k'\ + \k~k'\) 

\k\ / — rrvrr^. — n — m^\P{k - k'^l'^dk' 

< — lol / el«l"l'' l^l''"'^ llo'r^+^/^lo-o'rdo' 
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/3d-l+2/3(l+|fc|)7^7g 



^d-l+2/3(l + |;,|)7 



< 



j=0 

2'<e-m 18 ,2/3VP^'+' 



^<i-l+2/3(l + |/j|)7 2 ^ j! ■ 

Lemma 912 For any 7 > 1 and nonnegative integers li,l2 > 0, we have 

(' li{\k\ — \k'\ — \k—k'\) 

- ^^i(Y^r^(2^i+2'2 + l)(2'i+2'2 + 2)(2Zi+2/2 + 3)Q2i,+2;.+2(/3|fc|). 

The proof is exactly the same as in [S] with K — ^^d^^^_^\^')-! ■ The idea of the 
proof is to use the definition of Q^i^ and Q2i^ with Lemma [?TU1 to bound the 
left hand side by 

2/i+2b 

K 22'^+2'^+2-(^+2)(j+2)(j + l)Q,+2(k|) 

2;i+2;2 

<KQ2i,+2i.+2(\q\) (j + l)(j + 2) 

from which the result foUows. 
Lemma 913 If •y > 2 and I > 0, then 

\k\ f g-/j(|fc'|+|fc-fc'|) 



G + 1)2/3 J,,^^.{l + \k'\)Ul + \k-k'\)-> 



jv-Q2imk-k')\)dk' 



where 



< (Y^^(2^ + l)Q2;+2(/3|fc|), (91) 



Proof The proof is again the same as in [S] except when Lemma 6.8. is 
invoked in [S] we use our Lemma 19111 The idea is to split into a few cases. 
When I = 0, the claim holds with Ci = ^Cof3^^ . For / > 1, we separate the 
constant term 

r -p{\k'\+\k-k'\) Cne-'^l'^l 
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Then, we use Lemma [91 II to bound the terms of 

and over bound the remaining sums to get the rest of the terms appearing 
in Ci(d). 



References 



1. M Abramowitz and I A Stegun, Handbook of mathematical functions with for- 
mulas, graphs, and mathematical tables New York: Wiley-Interscience (1970). 
(see Formula 9.3.35-9.3.38 on page 365). 

2. Cannon, J.R. and E. Dibenedetto, "The Initial Value Problem for the Boussi- 
nesq Equation with Data in U" Lecture Notes tn Mathematics: Approxima- 
tion Methods for Navier-Stokes Problems. Vol 771 129-144 (1979) 

3. Cao, Chongsheng and Jiahong Wu, "Two regularity criteria for the 3D MHD 
equations," J. Differential Equations 248, 2263-2274 (2010) 

4. S. Chandrasekhar, Hydrodynamic and Hydromagnetic Stability, Dover, New 
York (1970) 

5. O. Costin and S. Tanveer, "Short Time Existence and Borel Summability in 
the Navier-Stokes Equation in E"^," Communications in Paritial Differential 
Equations, Vol. 34, Issue 8, 785-817 (2009) 

6. O. Costin and S. Tanveer, "Nonlinear evolution PDEs in x C*; existence 
and uniqueness of solutions, asymptotic and Borel summability properties," 
Annales De L Institute Henri Poincare- Analyse Non Lmeare, 24 (5), 795-823 
f2007) 

7. O. Costin, G. Luo, and S. Tanveer, "An Integral Equation Approach To 
Smooth 3-D Navier-Stokes Solution," Physica Scritpa, Vol. T132, No. 014040 
(2008) 

8. O. Costin, G. Luo, and S. Tanveer, "Integral Formulation of 3-D Navier-Stokes 
and Longer Time Existence of Smooth Solutions," Comm. Contemp. Math 13 
(3), 407-462 (2011) 

9. Duraut, G. and JL Lions, "Inequations en thermoelasticite e magneto- 
hydro dynamique," Archive for Rational Mechanics and Analysis. 46, 241-279 
(1972) 

10. He, C. and Yun Wang, "Remark on the regularity of weak solutions to the 
magnetohydrodynamic equations," Math. Meth. Appl. Sci. 31, 1667-1684 
(2008) 

11. He, C. and Zhouping Xin, "On the regularity for weak solutions to the mag- 
netohydrodynamic equations," J. Differential Equations 213, 235-254 (2005) 

12. Hou, Thomas Y. and Congming Li, "Global Well-Posedness of the Viscous 
Boussinesq Equations," Discrete and Continuous Dynamical Systems. Volume 
12, Number 1 (Jan. 2005) 

13. Ishimura N. and M. Nakamura, "Uniqueness for unbounded classical solutions 
of the MHD equations," Mathematical Methods in the Applied Sciences. Vol. 
2,0 Issue 7, 617-623 (May 10 1997) 

14. Miao, C. 13. Yuan and B. Zhang, "Well-posedness for the incompressible 
magneto-hydrodynamic system," Math. Meth. Appl. Sci. 30, 961-976 (2007) 

15. Rosenblatt, Heather, Ph.D. Thesis, The Ohio State University, "Boussi- 
nesq and Magnetic Benard Equations- Existence, Uniqueness, and Borel- 
Summability" (under prep.) 

16. Sermange M and R. Temam, "Some Mathematical Questions Related to the 
MHD Equations," Communications on Pure and Applied Mathematics. 36, 
635-664 (1983) 

17. Temam, K. Navier-Stokes Equations: Theory and Numerical Analysis. AMS 
Chelsea Publishing (2000) 

18. Zhou, Yong, "Regularity criteria for the generalized viscous MHD equations," 
Ann. I. H. Pomcare AN-24, 491-505 (2007) 



